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ABSTRACT 

The space cp is the class of operators on a Hilbert space for which the cp 
norm I Ttp= ltrace(T* T) p/2] 1/p is finite. We prove many of the known results 
concermng cp in an elementary fashion, together with the result (new for 
1 < p < 2) that cp is as uniformly convex a Banach space as lp. In spite of 
the remarkable parallel of norm inequalities in the spaces cp and In, we show 
that p ~ 2, no c n built on an infinite dimensional Hilbert space is equivalent 
to any subspace of any I n or Lp space. 

1. Introduction. This paper is devoted to a systematic study of the classes of 
compact operators on a Hilbert space known as c r Briefly, cp is the linear space 

of those operators T for which ] Tip = [tr(T*T) p/2] 1/p is finite. We show that 
there is a complete parallel between the spaces of  operators cp and the sequence 
spaces lp, all the more surprising because no non-trivial cp is isometric to any 
subspace of any lp or Lp space nor is an infinite dimensional cp even bicontinuously 

imbeddable in any Ip or Lp space by a linear map. Our principal new result is that 
for 1 < p < 2, cp is uniformly convex and has the same modulus of convexity as l r 
In spite of the remarkable parallels in norm inequalities in the theory of  cp and Ip 
spaces - -  (analogues of the Hr lder  and Minkowski inequalities as well as Clarkson's 
inequalities which verify the uniform convexity of lp) h c, and Ip are very different 
as Banach spaces. The situation seems to be that extremal cases of  the norm 
inequalities studied occur in commutative *-subalgebras of cp which are neces, 
sarily isometric to Ip. The non-commutativity of  cp as an algebra (operator 
multiplication) seems to serve only to make the proofs of the theorems 
more involved. Most of  our other results are not new, but we hope that our 
techniques are of  some interest in themselves. We use principally the spectral 
theorem for self-adjoint operators and the polar decomposition. In particular 
we do not prove theorems in the finite dimensional case and then pass to a limit, 

nor  do we make explicit use of  the concept of  tensor product, nor of  the more 
sophisticatedinterpolation techniques. Most of the known results concerning cp may 
be found in Gohberg and Krein [5"], Dunford and Schwartz [4, pp. 1088-!144], 
Grothendieck [6], Dixmier [2], and Schatten [13, 14], and the references [therein. 

The beginnings of  the subject, together with a number of  related special theorems, 
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seems to be [11]. The spaces we consider are called Sp by Gohberg and Krein, 
Cp by Dunford and Schwartz, and Lap by Dixmier. We have chosen c for compact, 
lower case because the inclusion relations between the spaces c r are those of lp, 
not L r In fact, L~ has operator analogues which are spaces consisting mostly of 
unbounded operators; we shall study these in a later paper. Gohberg and Krein 
study the Orlicz space analogues of these spaces; the ratio of complexity to 
novelty remains high. 

It is a pleasure to thank Professor G. K. Kalisch for a number of interesting 
comments and suggestions, Miss Frances Frost and Professor N. Rivi6re who 
called our attention to errors of substance in an earlier version of this paper, and 
to Professors I. S. Gohberg, R. Kunze, and J. Stampfli who supplied invaluable 
references to the literature. 

Throughout this paper H will denote a fixed Hilbert space with noim[ • [ and 
inner product ( • ,  • ), the dimension of H is unimportant, p will range in the 
interval 0 < p < oo, and for 1 < p < oo, p' will always denote the conjugate 
exponent to p: (I/p) + (1/p') = 1. For linear operators A,B on H, we write A > B 
to mean that A and B are both self-adjoint and (Ax, x) > (Bx, x) for all x in H. 
We say A is positive if A > 0. 

We shall make frequent use of the polar decomposition of an operator, but 
in forms which are not quite usual; thus we include this development. We denote 
the range of an operator T by ~t(T) and the null space of T by .h/'(T); recall that 
~ ( T ) "  = Jlr(T*), ~ ' (T)"  = 9t(T*). 

First notice that for any x in H, ITxl 2= (T*Tx, x) = ((T*T)*/2x, (T*T)X/2x) 
= I(T*T)I/2xI2. ThusrI(T)= rI((T*T) t/2, and upon taking orthogonal comple- 
ments, ~t(T*) = 9I((T*T)*/2). Define U to be that linear operator for which 
U[.(T*T)I/2y + z]---Ty (y I X ( T ) ,  z EJff(T)), elements of the form (T*T)*/2y + z 
are dense in H and U has bound 1, so U may be extended uniquely to an operator 
(again denoted by U) on all of H. We also note that T = U(T*T)1/2 and further, 
U T*T = TT*U. It follows immediately by induction that U(T*T)"= (TT*)"U 
for all integral n > 0; thus for any polynomal tk, and hence for any Borel function 
~p, Ut~(T*T) = ~p(TT*)U. In particular, with ¢k(t) = t 1/2 we have T = U(T*T) 1/2 
= (TT*)I/2U and with ~b(t)= t 1/4 we have T = U(T*T)*/4(T*T) 1/4 
=(TT*)I/4U(T*T) 1/4. It may also be shown that U*U~(T*T) = ~b(T*T) 
= 4~(T*T)U*U for any Borel function ¢k which vanishes at zero. 

We will also use the trace of an operator. Suppose that an operator A is either 
positive or satisfies ~*l (Aft,, ~b,) I < oo for some orthonormal basis {~b,} of H. 
Then if {¢p} is any other orthonormal basis of H, the interchange of the order 
of summation is permissible in 

-- (A+,,¢,) I(+..¢,)I* = (A¢,.+,). 
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Thus the quantity ~,(A~b~, q~ ) is independent of  the orthonormal basis {~b~} of  H;  
we call this quantity the trace of  A, denoted trA. If  A is positive and compact, 
we may choose {~b~} to be an orthonormal basis for H consisting of eigenvectors 
for A; thus tr A is simply the sum of the eigenvalues of A enumerated with their 
multiplicities. It is also true that if ~ [ (Arks, ~b~) I < oo for an orthonormal basis 
{~b~} of H, that the eigenvalues of such an A are absolutely summable and that their 
sum is trA, but we will neither use nor need this fact. 

Now suppose that T is a compact operator on H. The operator T*T is positive 
and compact and has a unique positive square root which is also compact. The 
characteristic numbers of  T are defined to be the eigenvalues p~ of (T 'T )  1/2 
enumerated with their multiplicity; we arrange them in a decreasing sequence, 
at most countably many being greater than zero, as 

gl(T) > #2(T) > . . .  > 0, #n(T) ~ 0. 

For 0 < p < 0% we define I TIp then cp-norm of T, whether finite or infinite, to be 

I oo I1/P I 
]Tip = {~ t  [~t.(T)]P I = , ~ [ . ,(T)] ' }  I "  = [tr(T*T)P/2] '/p. 

We set [ T[ oo to be simply the operator norm of T. The class cp is the set of  all T 
for which 1 TIp is finite. 

At this point, we wish to observe three facts which will be used throughout this 
work. Their proofs are sufficiently immediate to be omitted. 

LEMMA 1.1 a. I r b - - I ( r * T ) "  b .  

b. I rA  >= O, and r is a positive number, then {A Iw, = [ A [~. 

c. I f p < q ,  lT lp>]Tlq .  

We now prove the preliminary theorem that ] Tip = ] T* IS" 

LEMMA 1.2. Let U be unitary. Then UT and TU have the same characteristic 
numbers as T. Thus for every p, I T]p = ] UT[p = ] TU[, .  

Proof. The squares of the characteristic numbers of UT are the eigenvalues 
of  (UT)*(UT) = T*U*UT = T 'T ,  so that I~(UT) = #~Z(T); since characteristic 
numbers are non-negative, it follows that IA(UT) =/~(T) .  The squares of  the 
characteristic numbers of  TU are the eigenvalues of (TU)*(TU)= U*TT*TU; 
this operator is unitarily equivalent to, hence has the same eigenvalues as, T*T. 

THEOREM 1.3. T and T* have the same characteristic numbers (zero possibly 
excepted). Thus for every p, ]T]p = [ T* [p . 

Proof. It is a well-known fact that for any two e~ements a, b in a Banach 
algebra (such as a = T, b = T* in the algebra of  all bounded operators on H), 
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the spectrum of ab is equal to the spectrum of ba (zero possibly excepted). For 
our purposes however, we need also to keep track of the multiplicity of the 
spectrom; the theorem may be demonstrated by means of a perturbation argument 
from this general Banach-algebraic fact, but we prefer to give the following 
alternative proof. 

If H is finite-dimensional, then in the polar decomposition of T : T  = U(T*T) 1/2 
we may take U to be unitary. Thus T = U(T*T) ~/2 and T* = (T*T)~I2U * ; by 
lemma 1.2, both T and T* have the same characteristic numbers as (T 'T)  ~/2. If H 
is not finite dimensional, the operator U appearing in the polar decomposition 
of T need not be unitary nor admit of replacement by a unitary. Thus we adopt 
the following procedure which is valid for H of any dimension. 

Consider the Hilbert space ~ which is the direct sum of H with itself :/~ = H@H. 
Let ~ = T @ 0 so that T*T = T*T @ 0; thus T and ~have the same characteristic 
numbers (zero possibly excepted). Similarly T* and ~* have the same charac- 
teristic numbers (zero possibly excepted). Let U be the partial isometry which 
appears in the polar decomposition of T: T = U(T*T) a/2. U is an isometry of 
~((T*T) 1/2) onto ~(T) and vanishes on,W'((T*T)I/2). The operator 0 = U ~ 0 
then maps :~((~,~)~/2) isometrically onto &(~)and  vanishes on ,~V (( T* T) 1/2) 
The orthogonal complements of &((~* ~) i/2): ~((T* T) 2/2) ± ~ H, and of ~(~) :  
~(T)'L @H, are of the same dimension and thus there exists an isometry 1~ of 
~((~,~)~/2)_L onto ~(~)± which vanishes on ~((~,~)~/2. The operator 
1~ = /~ + 1 ~ is an isometry o f ~ o n t o  Dand hence is unitary; also ~ = g/(T* 2V) ~/2, 
hence ~* = (~,~)1/2g/, .  By Lemma 1,2, the characteristic numbers of ~ are 
those of (~,,f)~/2 which are those of T*. Thus (zero possibly excepted), the 
characteristic numbers of T are those of T*. 

2. Norm inequalities in cp. In this section we will prove analogues of the 
H61der and Minkowski inequalities for cp as well as Clarkson's inequalities which 
demonstrate the uniform convexity of %(1 < p < o0). The importance of our 
first lemma cannot be over-emphasized. While it is no more than an elementary 
observation, it is the result which underlies all our computations. 

LEMMA 2.1. Let A > O. Let x ~ H. Let ~ be a given positive real number. Then 

i f O < v  < 1, (A~x ,x )<(Ax ,  x)'Ix[2(I-~); 

/f 1 =< r < oo, (a x,x) _>_ (ax, x)l 

I f  v ~ 1, equality implies that x is an eigenvector of A. 

Proof. First suppose V >-1. Let E( .  ) denote the spectral resolution of A. 
Then using the H/51der inequality we have 
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(Ax, x) = f ;  ,~.(E(d2)x, x) 

< [fo°° 2;'(E(d2)x,x)]'/' . [ £  °° 

- -  (A'x,x)*". I xl ="'-*)" 

1 • (E(d2) x, x)] (r- 1)/v 

If  0 < ~ ~ 1, then apply what has just been proved to the operator A ~ and the 
number 1/v:(Arx, x) <= (Ar/v)x,x)~[x] m-r). Equality in the case ~ # 1  
requires that the ratio of 2 ~ to 1 be constant on the support of the measure 
(E(d2)x,x); this support may thus contain at most one point Ao so we have 

Ax = 2oX. 
As an immediate consequence of Lemma 2.1 we obtain the following useful 

expressions for the ep norm of an operator. 

LEMMA2.2.* IfO<p<=2, thenlTl~=inf  ~ [T4),[~'; 

/ f E = < p < m ,  then [ Tl~= sup ~ ] T4),] ~ 

(The inf or sup is to be taken over all orthonormal bases of H). I f  p ~ 2, equality 
occurs if and only if {4),} is an orthonormal basis for H consisting of eigen- 
vectors for T*T. 

If  p~_ 1, then [Tip = sup { ~ , [  (T4),,~,,)IP) 1/~ where 4), and ff~ run over 
all pairs of  orthonormal bases for H. Equality holds if and only if {4),} is an 
is an orthonormal basis for H consisting of  eigenvectors for T*T and {tp,} 
an orthonormal basis for /-/ obtained by completing the orthonormal set 
{(r4),/] r~ , ] ) :  r4), # o}. 

Proof. Using Lemma 2.1 with y = p/2, we have for any orthonormal basis 

{4),} of  H that 

((T*T)'/z4),,4),) __< (T'T4),,,4),) p/2 = IT4),,[ p (p < 2), 

((r 'r: '=4),, , ,) s ( r ' r 4 ) , , 4 , )  ',= = [r4)=l" {p_>_ 2). 

(p __< 2), 

(p >__ 2). 

Summing on ~, we see that 

l rlg = t r (T*T) ' 12<  • i r4),l, 

[TIg = t r (T*T)  ' / z >  E IT4),1" 
~t 

* Part of Lemma 2.2 appears in Dunford and Schwartz [3] as Lemma XI.9.32. The condition 
"2 <= p" given there should read "p ~ 2." The lemma appears in toto in Gohberg and Krein 
[5, p. 155]. 
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The conditions for equality in Lemma 2.1 show us that if p/2 # 1, I TI~= ~IT~I '  
if and only if every ~b~ is an eigenvector of T*T. 

The last assertion is proved by using the polar decomposition 

T = (TT*) TM U(T*T) 114, 

s o  that 

E [(T~b~,0,)[P = E [((TT*)'/gU(T*T)'/4~,O~)I p 

<= E t(T*T)~/'G l" I(TT*)"'GI" 
1/2 1/2 

= I Tl~/Zlr *1~/2 = I TI; .  

The conditions necesary and sufficient for equality may be seen directly from 
this chain of inequalities. 

Unfortunately, this last assertion fails for p < 1, as may be seen by considering 

G ') , , x ~  2 • 

We may now prove analogues of the H~51der and Minkowski inequalities. 

TI-rEOREM2.3*. Let TEcp, SEcq. Then TSEc,  with 1/r= l /p+ l/q, 
0 < p, q, r < ~,  and ITS I, <= I T[p IS 1~. Equality holds if and only if: i f  p, q < oo, 
(T 'T )  ~ is a multiple of (SS*)~ ; i f  p = ~ > q, P T * T e  = I TILP where P is the 
orthogonal projection of H onto the range of SS*; if  p < ~ = q, QSS*Q -- I sl~ a 
where Q is the orthogonal projection of H onto the range of T*T. 

Proof. First suppose p = ~ ,  q = r < oo. If  q = r < 2, let {tp~} be an ortho- 
normal basis for H consisting of eigenvectors for S*S. Then we have by Lemma 2.2 

~ q q (2.3,1) Irs[~< Y, ITs~Iq<ITI'~E[s¢,I'=ITI~IsI~. 
Ot g 

To investigate the case of equality, we first notice that for the second inequality 
to be an equality we must have I r s~ l  = I TI~Is~I for every eigenvector of 
S*S. Consider those tk~ for which S*S~p~ = 2 ~# 0 and let the polar decomposition 

* Theorem 2.3 appears in A. Horn [7], derived from some inequalities of Weyl [4, p. 1079]. 
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of  S be S = U(S*S)1/2. Since U is an isometry on this set of ~b,, we have that 
{U~bat: 2at ¢ 0} = {271/2 SqUat: 2, # 0} is an orthonormal set. Let us denote this set 
by {~bat}, and notice that {~at} spans precisely ~(S) = ~(SS*) = ~(P).  The equality 

ITSO, I=ITI~ISoatl  yields IT~a t l - - ITI~I~ , , I ;  since T attains its norm on 
each ~kat, it must attain its norm everywhere on the span of the ~b,, so that T/[ 7"[ 
is an isometry on the range of P; this is equivalent to PT*TP = [T]~P. Con- 
versely, the condition PT*TP = I TILP implies that S*T*TS~at=S*PT*TPS~kat 
--- ITl s*Psoat = I  l s*s at so that if that is an eigenvector for S*S and the 
second inequality in (2.3.1) is an equality, then necessarily ~at is an eigenvector 
of T ' S ' S T  and the first inequality in (2.3.1) must also be an equality. 

Continuing with the case p = oo q = r < ~ ,  suppose q > 2. Let {~bat} be an 
orthonormal basis for H consisting of eigenvectors for T'S 'ST .  Then by Lemma 
2.2, 

(2.3.2) ITslg= r, ITS atl'<-lTl r, Is atl  lTl lsl  
at at 

To have equality throughout forces the last inequality to be an equality. By 
Lemma 2.2, each ~, must be an eigenvector of S*S. That the middle inequality 
of (2.3.2) be an equality is equivalent to PT*TP = [T[LP just as previously. 
Conversely, if ~bat is an eigenvector of S*T*TS and PT*TP = I T*ILP, then 
S*T*TS~p~---S*PT*TPS~pat = ]TI2S*S~pat so that ~bat must be an eigenvector of 
S*S and the last inequality of 2.3.2 must be an equality. 

Next we consider the case q = ~ ,  p = r < ~ .  The isometry of the adjoint 
P__  $ * P ~  $ P * P  mapping in every cp class (Theorem 1.3) shows that [TS[p-[S T [p=]S [o~]T ]p 

= [S[~ I T]~, the middle inequality being wht we have just proved. We have 
also just proved that equality holds if and only if QSS*Q = Q(S*)*S*Q = IS ]2Q 
where Q is the orthogonal projection of H on ~(T*) = ~(T*T). This completes 
the proof in the case p = oo or q = o% so that throughout the remainder of the 
proof we take p < ~ ,  q < oo, r < p,q. 

We next prove the theorem in the case r _< 2. Together with r __< 2, let us also 
assume for the moment that p >__ 2. Let {~bat} be an orthonormal basis for H con- 
sisting of eigenvectors for S'S: S*Sdpat 2 = ;t~ if,. Using the polar decomposition of 
S : S  = U(S*S) 1/2 where U is an isometry on the range of S'S,  we see that 
{U~b,: 2at # 0} is again an orthonormal set; we complete this set of vectors to an 
orthonormal basis for H, denoted {Cat}. Now we use Lemma 2.2 first for r __< 2, 
then for p ____ 2, and the H61der inequality for sequences (r/q + r/p = 1) to obtain 

(2.3.3) I rsl;  --- E Z [TU2~q~at[" 
at at 

= a:lz0atl'=< a: Iz0atl' 
at 

--- ]s];I TI; .  
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I f  we have equality throughout, in particular we must have equality in the appli- 
cation of the HNder  inequality, which requires that the ratio of  I Sips] q = 2~ to 
I r0~l ~ be some constant independent of  ~, generically denoted throughout by c. 
For  the last inequality to be an equality requires ~b~ to be eigenvectors of  T*T. 
Now2~SS*0~ SS*S¢~ S~2¢~ a = = = ;t~ ~/~ so that 0~ are also eigenvectors for SS*. 
The facts that T * T  and SS* are positive, have a common basis of  eigenvector 
and that cI(T*T)P~/~ 11/2 = c I TO, I p = J S*O,l ~ , together imply (T* T) P= c(SS*)'. 
Conversely, ( T ' T )  p = c(SS*) g may be seen to imply equality throughout (2.3.3); 
we leave the details to the reader. 

Continuing with the case r < 2, now assume p =< 2. Using the polar decomposi- 
tion of  T, we have 

T = U(T*T)  1/2n... ( T ' T )  112~, 

where there are n factors of (T'T)i /2n; n is chosen so that n > 2/p. Since T ~ cp, 
( T * T ) ' I 2 ~ c , p  and I(T*T)'~e'l~,=lTl~,/'(I.emma 1.1). Using what we have 
already proved (np>  2), we have 

(2.3.4) I(r*r)~+.,:~sl .~÷<~÷,,.~,-, Z I r~'*l I(T*T¢'~'SI,,,~+~,., -, 
(k = 0 ,1 ,2 , . . . ,n  - 1), 

which yields 

(2.3.5) l(r*r)"es l,--< I rl, I sl,, 
Since I U 1~ -< 1, we have 

ITsl,<-_ lv(r*TO'/~slr,<= lvl~lTlplSl,=lrl,lslq. 
Equality holds if and only if equality holds at every step of  (2.3.4) and at (2.3.5). 
Equality at (2.3.4)implies in particular (k=0)  that ((T'T)1/,) ,p = c(SS,), ,  which 
may be seen conversely to imply I TSl, = I T I ,  Islq. 

Finally we consider the case 2 < r. If  n is an integer n ~ 1"/2, then 

(s*r*rs~'~ ~,~,(r s 2) 

and from what we have already proved, the operators (S*T*TS)"S*T*TS,  
(S*T*TS)nS*T*T,  (S*T*TS)nS*T * and (S*T*TS)~S * also belong to various 
c classes, t < 2. After a certain amount of  arithmetic, we find 

I (S*T*TS) "+'1,/¢.+,, <=l(s*r*rs)"],/.] s* I,I r*l,I ml, I sl,. 
Using Lemma 1.1 and Theorem 1.3, we have 

I rsl ,  ~`"÷'' z l rslf" I rl~ I sl~ 
fro~ which I t s  l, s i r  I,I sl~. We can have equality only if 
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{ [T ,  T S ( S , T , T S ) . ]  [ ( S , T ,  TS)~S.T,T]}((z( .+ I)/')-OIq))-'= c(SS*)q ; 

this (with c generically denoting some constant) is equivalent to 

S*{ T*TS(S*T*TS)Z"S*T  * T}S  = S*(SS*)-  1 +(2q(.+ ~)/o S = c(S*S) (2q/°(~+ l). 

or 

(S*T*TS)  = c(S*S) q/'. 

Thus the restriction of T * T  to the range of S must be (SS*) q/'-I = (SS*)q/P; 
but then T * T  must be zero on the orthogonal complement of &(S*S) if we are 
to have [TS[,  = [Tlp[ SIq, so we must in fact have (T*IO p = c(SS*) q. That the 
condition ( T ' T )  p=  c(SS*)qis sufficient for I T s l ,  = I rl ,  I S]q may againbe easily 
verified and the theorem is complete. 

TamREM 2.4. Let T, S e % ,  l < p < o o .  Then I r + s l p < - I r l , + l s l p ,  so 
that cp is a linear space and ] • Ip is a norm on %. I f  p > 1, equality holds i f  and 
only i f  a T  = bS f o r  some a,b  > O, a + b > 0. I f  p = 1, equality holds i f  and 
only i f  T * T  and S*S have a common set of  eigenveetors {qS~} which form an 
orthonormal basis for  H such that for each ~ there exist a~,b~ > O, a~ + b~ > O, 
with a~rc~ = b~Sq6~, 

From Lemma 2.2, let {4~}, {O~} be two orthonormal bases for H such Proof. 
that 

The Minkowski 

IT 

and by Lemma 

--Irlp÷Islp, 
T * T  and S ' S ,  

÷ 

inequality for sequences yields 

{ }l/p { ~l/p 

2.2 again, this is dominated by [ r [ ,  + I Slp" If we have IT + S[p 
we see first from Lemma 2.2 that ~b, must be eigenvectors of both 
and that (unless ZqS, = 0)~b~ = Tdp~,/[ Zdp~, I and (unless SqS~ = 0) 

~k, = SdpJ[ S~b~ I" Equality in the use of the Minkowski inequality forces, for 
p >  1, constants a, b>=0 a + b > 0 ,  such that a(T~b~,~b,)= b(S~b~,~); since 
(T~,~p)=0=(Sq~,,~ba) for a ¢ f l ,  we must have a T =  bS. Conversely, it is 
clear that these conditions imply IT + Sip = I Tip + Is l , .  For p-- 1, equality 
in the use of the Minkowski inequality forces only constants a,,,b~> 0, a~ + b, > 0, 
such that a~(T~b,,ff~) = b,(S~b~,~k~); again (Z4~,,~bp) = 0 = (S~,~b~) for a ~ fl 
shows a,T4)~ = b~Sd?~ for all a. Conversely these conditions are surely sufficient 

to imply [ T l+  $11 = [ Ti t  + I s l , .  
w e  now continue with the estimates which show that %(1 < p < oo) is uniformly 
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convex. Recall that a normed linear space X = {x} is said to be uniformly convex 
if the function 

6(~) = inf 1 - ~] x + y 
Ixl =IYl =l, 

Ix-Yl =6 

is strictly positive in some range 0 < ~ < so. J. A. Clarkson [1] showed that the 
sequence spaces lp(1 < p < 0o) are uniformly convex by proving a number of 
sharp inequalities concerning the norm of elements in Ip; those which imply that 
lp is strictly convex are: 

I x + y l r + l x - y l , ' < = ( l x l , + l y ] , )  ,/,' (1 < p < 2 ) ,  

and 

I x + y I p + i x - y l p < 2 p - , ( i x I p + I y ] ~  (2_<_ p < oo). 

I f  we take Ix] = l y l  = 1, we have 

I x + r l  °' ==_2" - I x -  y] , '  <1 < p  < 2), 

I x + Y]" ---- 2 '  - Ix - Y]" ( 2 = < p <  oo). 

The modulus of  convexity is thus given by 

26(e) = 2 - (2 p" - eP') ~/p' (1 < p < 2), 

26(e) = 2 - ( 2  p - eP) 1/p (2 __< p < oo). 

We will now show that cp has the same modulus of convexity as Ip by demon- 
strating that Clarkson's inequalities hold in c r The conditions under which 
equality holds will simply be stated without proof; they only require checking 
the cases of equality in the inequalities within the proofs. 

Dixmier [2] used an interpolation theorem to show that cp and Ip have the 
same modulus of  convexity in the range 2 < p < ~ ;  our technique in this range 
uses only the HNder inequality. In view of the fact that the only known proof 
Clarkson's inequality for lp(1 < p < 2) seems to be the lengthly original dem- 
onstration of  Clarkson, it is not suprising that the analogous result for cp must 
be at least as troublesome. 

We first state for reference some inequalities concerning real numbers. The 
proofs of  the first two may be safely left to the reader. 

Inequa l i t y  a: Let - a < b < a. Then 

i f 0 < ~ , < l ,  2~-I(a ~ + b  ~ ) < ( a + b )  ~ + ( a - b )  ~ < 2 ( a  y + b y ) ;  

if l < r < o o ,  2(a ~ + b  ~ ) < ( a + b )  + ( a - b )  ~_~2~-l(a~+b~).  
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Inequality b: Let a > 0 b > 0. Then 

i f 0 < ~ < l ,  (a+b)r<aV+b~; 

if 1 < ~ < ~ ,  ( a + b )  ~ > a  ~ + b  y. 

The third inequality which we require is the very deep inequality of Clarkson [1]. 
The forms in which we use this are 

Inequality c: Let - a~ < b, < a .  Then for 1 < p < 2 

{ ~ (a~+ b~) p} P'/P+ { ~ (a~- b~)P} p'/p < 2{ ~ a:+ I b~lPl p'Ip 

L e t - a < b < a .  Then f o r 2 < p < o o  

la + bl + l a - b l  >__2(a" + Ibis) 

We now generalize these numerical inequalities to inequalities for Cp norms of 
operators. 

LEMMA 2.5. Suppose A,B are operators on H and - A <_ B < A. Then 

i f0<y__< 1, tr(A+B)V+tr(A-B)~<2trAV; 

i f l < e < ~ ,  t r ( A + B ) V + t r ( A - B ) r > 2 t r A L  

I f  ~ # 1 and the quantities involved are finite, then equality holds if and only 
if AB = O. 

Proof. The lemma has non-trivial content only if A and B are compact; 
also A and B must be self-adjoint and A positive. Let {¢~} be an orthonormal 
basis for H consisting of eigenvectors for A:A¢~ = I ~ .  Since -(A¢~,¢~) 
< (Bq~, ¢~) < (A¢~, ~b~), inequality a yields 

((A + B)q~,,, ~b.) r + ((A - B)~b,Ab,~) r < 2(Aq~,,, ~b.) ~' = 22~ (? < 1), 

((A + B)~b,, q~,)~ + ((A - B)~b,, q~,)r> 2(A~b,, q~,)~ = 21~ (~ > 1). 

Also, A + B ~ 0 and A - B > 0, so Lemma 2.1 yields 

((a + B)~b,, q~,) + ((A - B)~b,, q~,) 

< ((A + B)qS,, ~b,) ~ + ((A - e)~b,, ~b,) ~ < 22~ (~, < 1) 

((a + B)rq~,,, q~,,) + ((A - B)~b,~, ~b,,) 

> ((a + B)~b,, ¢,)r + ((A - B)ck,, ~b,)' > 22~ (y > 1). 
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Summing on 0c we finally obtain 

t r ( A + B ) ~ + t r ( A  - B) ~< 2 ~  2 v = 2 t rA ~ 
~t 

t r ( A + B ) ~ + t r ( A - B )  ~>_ 2 ~ 2  ~ = 2 t rA  r 

LEMMA 2.6. 

[October 

(r < 1), 

(r > 1). 

Suppose A, B are operators on H and A >= 0, B >= O. Then 

i f 0 < ~ < _ l ,  t r ( A + B )  ~ =< t r A r + t r B r ;  

i f l < = y <  o% t r ( A + B )  ~ _>_ t r A V + t r B  r. 

I f  ~ ~ 1 and the quantities involved are finite, equality holds i f  and only i f  AB = O. 

Proof. First we find operators C, D on H such that C(A +B)I /2=A ~/2, 
D(A + B) ~/2 = B 1/2 and C*C + D*D = 1. [We do this as follows: B > 0 implies 
A < A + B, so 1,4 '/2x] = (Ax, x) '/2 < ((A + B)x,x) ':2 = I(A + B)'/2x I; similarly 
[ B1/zx I < I( A + B)'/2xl " Let x = (A + B)l/Zu + v, where v e d ( A  + B), 
u .I .~:(A + B); such x are dense in H, so C and D are uniquely determined if we 
require Cx = A1/2u, Dx = B1/2u + v. Clearly C(A + B) 1/2 = A 1/2 and 
D ( A + B )  I/2 =B1/2; C * C + D * D = I  follows from / / c x  5 +  Dx 2 =  A,/2u 2 
+ B 1 / 2 u 2 + I v 2 = ( A u ,  u )+(Bu ,  u ) + [ v 2 =  ( A - ( - B ) V 2 u Z + I v 2 =  x] 2. 

Note also that Icxl-_ Ixl, Io l _-_ Ixl] Then we have (A + B)' = (A + B) 'lz 
C*C(A + B) ~/2 + (A + B)r/2D*D(A + B)v/2, and 

tr(A + B)'  = 1C(A + B) ':2 I~ + I D(A + B)':2I~ 

= I(A + B)'/2C* II + I rA + 

= t rC(A + BfC*  + trD(A + BfD*. 

To estimate tr C(A + B)~C *, let {¢~} be an orthonormal basis for H consisting 
of  eigenvectors for A: A¢~ = 2~b~. Then by Lemma 2.1, 

(C(A + BfC*¢~, ¢~) 

~ ((A + B)C*¢~,C*¢~)~1C*¢~12(~-v) = (A¢~,¢~) ~ = 2] (y < 1), 

(C(A + BfC*¢~, ¢~) 

>_ ((A+B)C*C,,C*f,Ylc*¢,I*"-'>_>_ (A~b,,¢,)~= 2~ (~>1) .  

(Recall that 1C*¢~12(1-v)= < I¢~[ 2 ( ' -~ )=  1 for ? =< 1, and IC*¢~[ - 2 ( ' -  ) 
< l( k, I-2 1 - .  = I for ? => 1). Thus summing on a yields 

trC(A + B)~C*~< t rA ~ (y < 1), 

t rC(A + B)~C * >>- t rA ~ (~ >= 1). 
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Similarly, 
trD(A + B)rD * < trB v (~, _~ 1), 

tr D(A + B)rD* > tr B'  (~, > 1). 

and the lemma is proved. 
Lemmas 2.5 and 2.6 yield all of Clarkson's inequalities for %(1 < p < m), 

which we formulate as: 

THEOREM 2.7. Let T, S be operators on H. Then 

(i) . 2v-I(}T[~+]SI~ < [ T + S [ ~  + [ T - S ] ~  __<2(]T[;+IS}~ ) ( 0 < p < 2 ) ,  

(ii). [T+S[; '+[T-S[; '<=2([T[;+[S[~)  v'/~ (1 < p =< 2), 

aii).2(Irl~+lSig<=lw+slg+lr-sl~<=2~-'([wl~+lSl9 (2__<p< ~), 
(iv). 2( I TI; + I Sl~'"'=< I T+ s l ; ' +  I T -  SI;' (2 _-< p < oo). 

If p = 2, equality always holds; if p ~ 2 and the quantities involved are finite, 
equality holds in (i) or (iii) if and only if T*TS*S = 0, in (ii) or (iv) if and only 
i f T = S o r  T = 0 o r S = 0 .  

Proof of( i )  and (iii): First consider p__<2. Then [ T + S I ~ , + I T - S [ ~  
= t r ( (T*T + S 'S)  + (T*S + S 'T) )  ~/~ + t r ( ( r * r  + S 'S)  - (T*S + S 'T) )  '/2. 
Lemma 2.5 is applicable with A = T*T + S 'S ,  B = T*S + S'T,  ~ = p/2 < 1, for 
[(Bx, x ) |  = [2 Re(Sx, Tx) [ =  [ < 2 S x  [ [ Tx [ = [  [ <  Sx2-b [Tx[ 2 -  (Ax, x); thus 
IT + St ]  +[  T - S[~ _-< t r (T*T + S'S)  ~/2. Now apply Lemma 2.6 with A = T'T, 
B= S 'S ,  ~ =p/2 _<_ 1 to obtain 

]T + S]~ + I T  - S]~ < 2[tr(T*T) p/a + tr(S*S)P/2] = 2(l T[~ + [Slg. 
It follows from this that also 

so that 
12r[~ + 12sl; ~ 2( I T + slg +IT - s l9  

2P-'([T[; + [ S [,~) s l r  + s[; + I T -  S[; < 2(l rig + [ s [ D  (0 < p N 2). 

(iii) follows in exactly the same way, with the sense of all inequalities reversed. 

Proof of  (ii). Let A and B be as above, and let {¢=} be an orthonormal basis 
for H. We use inequality e with a=, b= defined a~ _+ b~ = ((A _+ B)pl2r~,,dp=)llP, 
to obtain 

IT+SI~'+IT-sI~" 

+ 2-'1 ((~ + m"'~., ~:)" - ( ( ~ -  8).,'~., ~.)',. I.~"J: / 
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Apply inequality a to each of the summands on the right-hand side (with 7 = P > 1) 
to obtain 

I r + s l ~ ' + l r - s l ~  

=< 2 E 2 - ' '  2"- ' [((A + B)p/2¢,,¢~) + ((A - B)p/2 ¢,, ¢,)]} p'/p 
d$ 

=< 2{2-~[tr(A + B) p/2 + tr(A - B)p/2]} p'/~. 

Use of Lemma 2.6, then Lemma 2.5 (with), = p/2 <= 1) yields 

I T + S I n ' + I T  - SI~: <= 2(trAp/2)P'/~= 2{tr(T*T + S*S)p/2} p'/p 

<= 2{tr(T*T) p[2 + tr(S*S)p/2} p'/p= 2(] T ]~ + IS ]P)P'/P 

Proof of  (iv). Again set A = T*T + S 'S,  B = T*S + S'T,  and let {¢,} be an 
orthonormal basis for H. Since p >= 2, p/p'>= 1, and the triangle inequality in 
Ip,/p yields 

Ir + sl;' + I r - s l ; '  

e Z [((A + B)'/~¢,, ¢~)"/" + ((A - B)'/2¢,, CJ"/']' /"}"/' .  

Inequality a, with 7 = p', yields 

((.4 + B)'/2¢~, qL)"" + ((.4 - B)~/2¢,, ¢,))"/" 

t((.4 + B)'/'¢,, 4~) ' / ' -  ((.4 - B)'/~¢,, ~) ' / '  "'/ + ] 2 J 
Application of inequality c with p >= 2 yields 

((.4 + S) 'n¢ , ,  eJ" /"  + ((X - a)'/~¢~, ¢,)"/" 

(2.7.2) = > 2 " 2 ( [ ( ( A + B ) ' / 2 ¢ " ¢ ' ) ' / ' ]  . + [ ( (A-B) ' /2¢"d? ' ) ' /P] ' )  

= 2 "  21- ' '  [((,4 + B) '/2¢,, ¢,) 4- ((A - B)'/2¢,, ¢~)] ''/p. 

The insertion of (2.7.2) into (2.7.1) then yields 

IT + s l , r  + I T - Sl,r>__ 2 . 2 ' - " { t r ( A  4- B) m + tr(A - B~"I2} p'n' 

~ 2" 2'-"{2trA'12} " ' / ' =  2 ( t r A ' / 2 )  ' ' 1 " >  2([ r l ;  + I s I,~'" 
the last two inequalities being applications of Lemmas 2,6 and 2.5 with ~ = p]2 > 1. 
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To conclude this section, we prove the following special result for 0 < p < 1. 
Professor Gohberg has informed us that this is a special case of  a theorem of 
S. Ju. Rotfel 'd [to appear in Functional Analysis and its Applications, I, fasc. 3 

(1967)-]. 

THEOREM2.8. IT+S]~<IT]~+IsI~,(O<p<I).If  p<l  and T a n d S  
are in c v, equality holds if and only if T*TS*S = O. Thus, if p < 1, p(S, T) 
= [ T -  S [~ is a metric on cv. 

Proof. First we demonstrate the theorem in the case 0 < p < 2/3. Since 
(T 'T)  1-p and (S*) 1-p are both dominated by (T*T)I-v+ (S'S) I-p, there are 
operators C and D, both of operator norm at most one, such that 

(T.T)~I-v)t2= C[(T*T) 1-v + (S*S)X-v] llz 

and 
(S,S)O-v)/2 = D[(T,T) I-v + (S*S)'-"]'/2. 

(cf. the proof of  Lemma 2.6). 
Using the polar decompositions of  the operators T and S we have 

T + S = U(T*T) 1/2 + V(S*S) 1/z 

= [U(T*T)v/ZC + V(S*S)V/ZD] [ ( r * T ) ' - v  + (S*S)'-v]'/2. 

Using our generalized H61der inequality (Theorem 2.3) followed by the triangle 
inequality in c 1 (Theorem 2.4), we have 

IT + S Iv < I U(T* T)v/2C + V(S*S)P/ZD Ili [(T* T)' - p + (S 'S) '  -P] '~2iv(l_ v) 

<= {1U(T*T)P/aCI1 + [ V(S*S)P/Z D[,} 

{tr [ ( T ' T )  t -v  + (S*S)'- ']v/2(1 -p)}(,-p)/,. 

Using the fact that the operator norms of  C, D, U and V are at most one, we have 

] T + Sly =< {1 (T*T)'/2[, + ](S*S)P/z],}{tr[(C*T) 1 -" + (S*S) I-v] "/m -')}('-')Iv 

--- (I + I {tr [(T'T) 1-" + (s*s)l-q'/2"-'~} "-~/'. 
Since 0 < p _-< 2/3, p/2(1 - p) _-< 1, so that by Lemma 2.6 

tr [ ( T ' T )  ' -~  + ( S * S ) I - ~ ] ' / ~ " - "  < tr(T*T), /2 + tr(S*S) "/2 = I TI; + Isl%. 
We thus have 

IT + S[g < (1 Tiff + I sl;)(I Tiff + I s I ; ) " - ' ' - - ( I  TI~ + [ sis) '/'" 

Now consider the case 2/3 < p < 1. Let Q denote the operator [ ( T ' T )  p/z 
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+ (S.S),/2] 1/2 and let C, D be operators such that C*C+D*D=I ,  (T 'T)  p/4 = CQ 
= QC* (S'S) p/4 = D Q = QD*. The restriction 2/3 < p < 1 allows us to write 

T + S = U(T*T) 1/2 + V(S*S) 1/2 

= [U(CQ)2/'-2QC*CQa-2W-F V(DQ) 2/'-z QD.DQa-2/~Q2/, -2. 

Using our generalized H61der inequality, the triangle inequality in c,, and the facts 
that [ UIoo < 1, I VIoo _g 1, we have 

IT+Sl ,  
< ]U(CQ) 2/'-2QC*CQa-2/P + V(DQ)ZI'-2QD* DQa-2/p]Qz/p-2[,IQ2/,-21, " - "  

<= { I(CQ)2"-2QC*CQ3-2" I, + I(DQ) ~'-2 Q~*~Q3-2',ld I Q'll-,', 
Assuming (CQ)21"-2QC*CQa-21"[1 < QC*CQ , and[(CQ) 21"-2QD*DQa-2/'I1 
< QD*DQ 1, which we will prove in a moment, we have 

IT + Sip < {trQC*CQ + trQD*DQ}[ Q2il-p/p 

= (tr Q(C*C + D*D)Q • (tr Q2) 1-, / ,  

= ( t rQ2) t l '=( lT l~  + I s l~  '/,. 

To show that [(CQ)2/'-2QC*CQ3-2/P l, <IQC*CQI '' we note first that 

I(CQ)2" 2QC*CQ3-2"l, <= I(cQ)2C'-"%,,-,I qC*CQ ~-2" I,,~,-, 
= , - C , C  ~ , - p i p  lu ~1 . IQ ~-2'' c*CQl.,=.-1 

Let now {~,} be an orthonormal basis for H consisting ofeigenvectors for QC*CQ: 
QC*CQd~, = A,d?,. For 2/3 < p <  1, 1 < p/2p-1 < 2 and 0 < 3 - 2 / p  < 1, so that 
Lemmas 2.2 and 2.1 yield 

[~ a- 2/p~,C~ I pl2p- , < "~ ~l,12p-,= y (Q 20-2/')C*CQq~,' C*CQ~P,)Pl2(2P-') 

<= Z (Q2 C*CQdp,, C*CQd?,) a'- 2/2(z,- ,,l c ,cQ~.  [2-2,,:,- , 
¢g 

Since I C*[~o_- < 1, and 2 -  2p/2p-  1>0,  I c , cQ~ , I  2-~,,~,-'  <_ IcQ~, ~-2,,~,-, 
= ,t~'-,/2p- 1. Also, (Q2C*CQ~, c*cQd~) 3p-2/2(2,-1~ = I QC*CQd?~ 13,-212j,-1 
= A, 3,-2/2p- ~. It follows that 

I Qa-zlPC*CQ 1~I2"-'1~/2,-, Z Z ..,~3P-2/zP-' :~)-~/2~-, -- Z A~, 
so that 

-- z ~,-- I ec*ce  I,. 
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This demonstration used only the fact [CIoo-<_ 1, so that C may be everywhere 
replaced by D. 

3. cp is complete. Having shown that cp is a metric space we proceed to 
prove that cp is complete in this metric. First notice that since [ T[p > [ T [oo, 
any Cauchy sequence {Tn} in the metric of cp must be a Cauchy sequence in opera- 
tor norm. It follows that Tn must converge uniformly to an operator T. Lemma 
3.1 below will show then that T e cp and that IT - T. [p-, 0. 

LEMMA 3.1. Let T~ be a sequence of operators which converges uniformly to T. 
ThenlTlp<liminfn-,~olT, lp. 

Proof. Since Tn converges uniformly to T, T~* converges uniformly to T* 
and A, = T* Tn thus converges uniformly to A = T*T. It follows that for any fixed 

> 0 A~ converges uniformly to A r. [To see this, let M = sup IA, [~, and let p(t) 
be a polynomial such that [p(t) - t '[ < 8 for 0 -< t < M. Then ]p(A,)-Agloo __< 
and [ p ( A ) -  A'  ]oo < e, and since An converges uniformly to A, p(An) converges 
uniformly to p(A); thus [A~-Ar[oo < 3~ for all n sufficiently large]. Now let 
{~} be any orthormal basis for H and let a be any finite set of indices~ Since 
A~ converges to A r, ]A~I ~ converges to IA~I 2 and thus 

X: IA~=I 2 = lira ~ IA~,I ~ 
a t ~ f l '  n " +  0 0  ~t E@ 

< liminf ~ [a~¢,[ ~ -- l iminf  I A~I] 
n - c o o  a 

Since this holds for all finite sets a, we must have 

Ia ' l~  = s u p  Y [A'¢~I ~ < l i m i n f l A ~ l  2 . 

If  we take 7 = p/4, we then have 

I T l g -  - I < lim inf I-p/* 2 = ~n ~ = lira inflT~l;. 
n---~ OO n --I. OO 

COROLLARY 3.2. Cp is complete. 

Proof. Let {T~} be a Cauchy sequence in cp and let T be the operator 
to which T n converges uniformly. Then for each fixed n, the operators T n - Tm 
converge uniformly to T , -  T as m ~ oo. Using Lemma 3.1, we have 
ITn-  T[p<liminf,._,oo T n - T,~lp. Since the sequence {T~} is Cauchy in %, 
limn..oolimTnfm_,oo T n - T,~lp = 0 and thus [ T , -  r l , - .0 .  

4. Cp = cp,. With the completeness of cp proved, we see that cp is a Banach 
space for p => 1. Also, we have demonstrated the uniform convexity of cp for 
1 < p < oo and thus, by a Theorem of Pettis [12], cp must be reflexive for 1 < p < oo. 
The norm inequalities of Theorem 2.7 show that the norm in c2 satisfies the 
parallelogram law and thus c2 is a Hilbert space. We now show that in a natural 
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way the dual space to cp is cp, (1 < p < oo). We first show that operators in c~ 

possess a trace. 

L~MMA 4.1. I f  T ~ c 1 then tr T exists and [tr T I _-< I TI,. 
Proof. Lemma 2.2 actually shows that if {~b}, (~b} are any two orthonormal 

bases for H, then ~ ,  (T~b,, ~'~)1 < I T I l" In particular, we may take ~b, = ~k,. 
, 

Our next two theorems show that cp = cp, in a natural way. First we show 
* and then c* c cp, 

THEOREM 4.2. Let 1 < p  < ~ ,  and let S sce,.  Then F ( T ) = t r ( S T )  is a 
continuous linear.functional on cp with norm precisely [Sip, , attained when 
T = V*(SS*) p'Ip (V is the partial isometry occuring in the polar decomposition 

of S). 

Praaf. For any T e % ,  S T i s  in cl (Lemma 2.3) and IST I, zlslp.ITI, so 
that tr(ST) exists and may be computed by tr ST = ~,,(STdp,, d?~) for any ortho- 
normal basis {~b~} of H. The fact that tr ST may be so computed shows that 
trS(Tt + T2)---trST~ + trST2 and t rS (aT )=  a t r S T  so that t r S T  is in fact 
linear on c r That t r S T  is bounded with bound IS p, follows from trST[ 
_<_ Isl,.I T[ , .  It is easy to check that when T =  V*(SS*) p'Ip, t r S T =  S]p, T , .  

THEOREM 4.3. Let F(T) be any bounded linear functional on cp(l< p < oo). 
Then there exists an S in cp, such that F(T) = trST.  (By Theorem 4.2, Isle is 
the bound o fF;  it is also clear that S is uniquely defined by F). 

Proof. It is no loss of generality to assume that F has bound 1. Let T n ~ cg 
be chosen so that [Tnlp = 1 and F(Tn)~ 1. Then F(T~ + Tin) < [T~ + Tm[p, but as 
n, m ~ oo, F(T~ + Tin) ~ 2. Since cp is uniformly convex, ] Tn - T m  ]p ~ 0 and thus 
T, converges to some operator T E cp with [ T[p = 1. We need now only to show 
that F ( R ) =  t rSR  for every R s cp. Consider the functional G on ep given by 
G(R) = F ( R ) - t r S R .  Let a = 1/2 IG] and let A be in cp, I A I , =  1 such that 
G(A) = 2a. [That G attains its bound follows from the uniform convexity of cp 
ust as did the fact that F attains its bound]. We then have F(A) = z + a, tr SA 
= z - a for some complex number z. Consider first the case 1 < p < 2. Since 

l e l  = 1. Isle.  = 1. l a l p - -  1 and I Tip -- 1, we have using Theorem 2.7 (i), 

IF(T + ~A)[ ~ + ItrS(T-eA)[P 
(4.3.1) 

_<IT +ealg + I T -  eAl~,< 2(1 + eP)(e > 0,1 < p < 2). 

The left-hand side of (4.3.1) is 

{(1 + eRez  + ca) 2 + (elmz)2} '/2 + {(1 - eRez  + ca) 2 + (elmz)2} p/2 

= 2 + 2pea + 0(~ 2) as t ~ O. 
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Thus 2 + 2pea + 0(e 2) < 2(1 + le]P). Letting e tend to zero and recalling that 
p > 1, > we see that a = 0. That is to say, I G I = 0 and thus F(R) is in fact equal 
to tr S R for all R E %. 

Now consider the case p > 2. We have again from Theorem 2.7 (iv) that 

IF(T + eA)IP' + Itr(S(T--eA)IP' 
(4.3.2) 

<= [T+ A[g'+IT-eAIg' <= 

= 2(1 + ep')p'lp. 

The left-hand side of (4.3.2) is equal to 

{(1 + 8Rez + ea) z + (8Imz)2} p'/2 + {(1 - ~Rez + ea) 2 + (elmz)2} p'/2 

= 2 + 2p'ea + O(e:) (e -* 0), 

while the right-hand side of (4.3.2) is equal to 2 + 2P/P'e p' + 0(e2P'). Again as 
e -~ 0, recalling that p < oo so that p'  > 1, we see that a = [ G] = 0 and thus 
that F(R) = tr SR for all R. 

5. Concluding remarks. We have exhibited a remarkable parallel between the 
spaces of operators Cp and the sequence spaces I r In fact, all our norm inequalities 
for cp contain the same inequalities for Ip; to see this, it suffices to show that 
there exists an isometric imbedding of Ip into cp: Let {q~} be any orthonormal 
basis for H and let P~ be the orthogonal projection of H onto the span of ~b~ 
defined by P~q~ = c5~q5~. For every sequence ~ = {~} ~ 1 , let T = T¢ = ~e~ 
Then T ' T - ] ~ 1 ¢ ~  2p~, so the characteristic numbers of T are I¢ 1 and 

Since Cp shares ao many properties in common with lp, one would like to be 
reassured that Cp is not, in fact, an lp or Lp space or even some subspace thereof. 
Of course c2 is a Hilbert space, but for p ~ 2, Lemma 1.2 shows us that there are 
far too many isometries of cp for cp to be an Ip or Lp space. Perhaps the most 
convincing demonstration is to actually calculate some norms when p ~ 2. 

Any class % of operators on a Hilbert space of dimension exceeding 1 has a 

(aS) Suppose subspace which may be represented as 2 x 2 matrices of the form cd " 

that this subspace of Cp were isometric with some four-dimensional subspace 

of some space Lp(f~,dp), with (a ao~ corresponding to the function a f +  bg 

+ ch + dk. By taking a= l, b=c=d=O and equating the % norm of (lo Oo) and ,,/ 

Lp norm of f ,  we have y ° l f l o -  - 1; similarly y . l g l  p = Y . l h l  p = y ° l k l ~ -  - 1. 
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Next we consider (10 0 )e,0 to see that 2 = J',lf+ e'°k"l 
in 0 and using the H61der inequality, we have for p < 2 

[October 

for every 0. Integrating 

t'2: a° If f [ f 2" dO If + e"kl~l "/~ 
= fa Jo 2re + ef°k [p< dta\Jo zn / 

= fo <lfl  + Ikl ) "= _-< f,, <lzl"+ lk l ' ) :2 .  
In particular, to have equality in the last inequality above for p < 2, f and k must 
have disjoint supports. Similarly, the supports of g and h must be disjoint. If 
p > 2, the sense of all inequalities above is reverrsed but the conclusion is the same. 
Now let ~ql be the intersection of the supports of f and g, f~2 that of f and h, 
l'23 that of g and k, and ~)4 that of h and k; thus ~ql, "", 1)4 are mutually disjoint. 
By taking c = d = 0 and equating norms, we see that 

¢1 12+ Ibl') '':: f<,, I:s+,,.l" + f:: f<,. Ibi'l.l'. 
Thus j'u ] a f  + bg pis a function only of la and b ; similarly, j'u, a f  + ch p 
is a function only of a and c , ~.t~3 bg + dk p is a function only of b and d , 
and Y, lch+dk Pisafunction only of]c[ and [ d .  Thus j'a a f + b g + c h + d k  p 
= ~.a, a f +  b g P +  ... + fll4lch +d]¢[ p is a function only of lal,  Ibl, Icl, 
and d . The presumed isometric imbedding of cp into Lp thus yields the equality 
of the cp norms of 

or 4 = 2 p/2+ 2 p/2, which is impossible for p ¢ 2. 
We have seen that for p ~ 2, cp on a two-dimensional Hilbert space is not 

isometric with any subspace of any Lp space. Of course between any two Banach 
spaces of the same finite dimension there exists a bicontinuous linear transforma- 
tion. We now show that if p ¢ 2, there is no bicontinous map between cp on an 
infinite dimensional Hilbert space and any subspace of any Lp space. In passing, 
we will obtain estimates on how far from an isometry any linear one-to-one map 
between cp on a finite-dimensional Hilbert space and any subspace of any Lp 
must be. Our example is derived from that of S. Kakutani [8]. 

Let {~b~} be an orthonormal basis for H, fixed once and for all, and denote 
by P,  the orthogonal projection on H defined by P,~bp = di,o~,; the operator norm 
of ~,,a,P, is sup, i a= I. Define the operators E, and F,  on cp by E , ( T ) =  P,T, 
F,(T) = TF, ;  by Theorem2.3, [ Y~oa.~.(T)I, z I~=a.P=[~[ r l ,=  sup. [a. I Irl, 
and similarily for the {F,}. Thus {E,} and {F,} are the atoms respectively of 
two Boole an algebras (E}, {F} of projections of bound one on c r Let {G} 
denote the Boolean algebra of projections on cp generated by {E} and {F}. We 
first obtain estimates for the norms of some elements of {G}. If we think of 
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operators T in % as given by matrices (t~) = ((T~b~, ~bp)), we see that an ope- 
rator on ep of the form ~,pa~,~E~F~ carries (t~p) into (a~,~t~). Suppose that T 
is given by t~ = 1 (1(1 <=~,fl<~ n), 0 other wise, and U i s  given by 
u~=n-1/2to~+P(1 <= ~,fl < n), 0 otherwise, where to is a primitive n-th root of  
unity. T is simply n I/2Q with Q a self-adjoint projection of rank one, and hence 
I TIp = n 1 / 2 ;  U is the direct sum of an n x n unitary with zero and hence 

~-~ n,n ,-.~ • + / ~  17 U[~=n 1/p. It follows that for 0 < p < 2 the operator ,.,,B=l,r~, ~ , ,p  on ep 
has norm at least n °/p- 1/27 

Now suppose that A is a linear one-to-one operator from cp into some subspace 
of an Lp space. Then {AEA-1} and {AFA-1} are Boolean algebras of  projections 
on some subspace of  an Lp space of  bound at most II A II II A-11I • it follows from 
[10] in the case 2 < p < oo, or better with the estimates of [9, Section 6] valid 
uniformly in the range 0 < p <  2, that {AGA- 1} is a Boolean algebra of projections 
with bound at most const. II a I[ 2 II A-~[I 2, and hence that {G} has bound at most 
const. II AII 3 II A-1 l[ 3. But we have already shown that {G} has bound at least 
n(1/p-1/2) , for any n no greater that the dimension of  H, and thus we must have 
II a tl II A-Ill  > c°nst'(dimH)l/a(1/P-1/2)" In the case that H is infinite-dimensional, 
we see that A cannot be bicontinuous; in the case that H is finite-dimensional, 
we have a lower bound for I1 h II II A- ' I [ .  (The constant in this last estimate may be 
taken to be 14-s uniformly for 0 < p < 2, although much better constants are 
undoubtedly available; we also except that the exponent 1~3(lip - 1/2) may be 
improved to ( l i p -  1/2) but no more.) The analogous result for 2 < p < oo 
follows from the consideration of  adjoints, yielding [IAil I[a -1 [l ->- const. 
(dim H )  1/3(1/2- I/p) . 

There is a partial converse to the H61der inequality for sequences which states: 
If  {a.} is a sequence such that {a, b.} ~ l, for every b, ~ lp, then 

Although everywhere defined, linear, but not continuous, functionals abound 
on lp, this theorem says that there are no such functionals which are given by 
sequences. A similar statement holds for %: 

T~mo~N 5.1. Let T be an everywhere defined linear operator on H such 
that TSec ,  for every Seep.  Then Teeq (1/r = lip + l/q). 

Proof. We first show that T is bounded. If  T is not bounded, then there 
exists an orthonormal set {q~,} of  H such that I > 3 ~ [To  see this, it is clear 
that we can choose ~bl. Having selected ~bl, -.., ~ , -  1 orthonormal, select ~b. of norm 
1 in the orthogonal complement of the subspace of H spanned by ~bl, ..., qS._ 1 
such that ]z~.l ____ 3"maxl_<,,<.]T@~]; if this cannot be done, the linearity 
of T alone shows that T must be bounded]. Now define S to be the continuous 
linear operator for which SqS. = 2-"~b,, S = 0 on the orthogonal complement of  
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{q~,}. S belongs to every cp (p > 0). But TS  ~ c r says in particular that oo > 
I TS~p. I > (3/2)" uniformly in n which is impossible. Thus T must be bounded. 
I f  r = q, this is clearly also all that can be said. Now suppose r < q. We assert 
that T must be compact, for if T were not compact, then T * T  would not be 
compact and thus by decomposing the spectrum of T* T  (with its multiplicity) 
we could find a countable orthonormal set {~,} in H for which the support of the 
vectors 4,, are disjoint and bounded away from zero; thus, (T~b,, T ~bm) = 0 if 
n # m, inf,] T~,  ] = a > 0. Complete {~b } to an orthonormal basis {tp~} for H 
in any manner whatever. Define S by Sip, = b,~b, for the originally chosen q~,'s, 
S~p~=O otherwise, where {b , }e lp .  Then [TSc~,[=[b,[  Td? > a l b ,  . If  we 
take, however, {b,} to be in lq but not in l,, we see that ~ T S ~ , "  = oo. Since 
(S*T*TS~b~,~p~) =0unless ~ = fl, we see that {t~} must be an orthonormal basis 
of eigenvectors for S * T * T S  and hence, by Lemma 2.2, TS cannot be in c,, 
contrary to our hypothesis. Finally, knowing that T is compact, let {~b~} be an ortho- 
normal basis for H consisting of eigenvectors for T*T. Define S by S ~  = b~/~ 
where {b~} e lp. Then {~b~} is also an orthonormal basis of eigenvectors for 
S * T * T S  and we have ~ > [ T S [ : =  ~.[TS~b~['= ~[b~[ ' [T~b~[ ' .  By the 
theorem on sequences, {[ T~b~ [} e l~ and Lemma 2.2 again yields T e Cq. 

The conclude, we prove the often used lemma that operators of finite rank are 
dense in every c r 

LEMMA 5.2. Let T e cp. Then for  every ~ > O, there exists an operator T~ such 

that the range o f  T~ is finite dimensional and [ T~ - T[p < e. 

Proof. Let/1~ be the characteristic numbers of T and let {~b~} be an ortho- 
normal basis for H consisting of eigenvectors for T ' T ,  with T*T~p~ = t z f ~ .  
Let 6 be chosen arbitrarily small and let t; be a finite set of indices such that 
~ # ~ < e  p. Define T~ by T~c~=T~b~ (~e~),  T~dp~=O (~ t~) .  Then 
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