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ABSTRACT

The space ¢, is the class of operators on a Hilbert space for which the ¢,
norm | T |,=[trace(T* T)?!2]11P is finite. We prove many of the known results
concerning ¢, in an elementary fashion, together with the result (new for
1 < p < 2) that ¢, is as uniformly convex a Banach space as /,. In spite of
the remarkable parallel of norm inequalities in the spaces ¢, and /,, we show
that p % 2, no ¢, built on an infinite dimensional Hilbert space is equivalent
to any subspace of any /, or L, space.

1. Introduction. This paper is devoted to a systematic study of the classes of
compact operators on a Hilbert space known as c,. Briefly, c, is the linear space
of those operators T for which | T|, = [tr(T*T)?*]"/? is finite. We show that
there is a complete parallel between the spaces of operators ¢, and the sequence
spaces /,, all the more surprising because no non-trivial ¢, is isometric to any
subspace of any [, or L, space nor is an infinite dimensional ¢, even bicontinuously
imbeddable in any /, or L, space by a linear map. Our principal new result is that
for 1 < p <2, ¢, is uniformly convex and has the same modulus of convexity as /,.
In spite of the remarkable paraliels in norm inequalities in the theory of ¢, and ],
spaces — (analogues of the Holder and Minkowski inequalities as well asClarkson’s
inequalities which verify the uniform convexity of /,) — ¢, and [, are very different
as Banach spaces. The situation seems to be that extremal cases of the norm
inequalities studied occur in commutative *-subalgebras of ¢, which are neces~
sarily isometric to I,. The non-commutativity of c, as an algebra (operator
multiplication) seems to serve only to make the proofs of the theorems
more involved. Most of our other results are not new, but we hope that our
techniques are of some interest in themselves. We use principally the spectral
theorem for self-adjoint operators and the polar decomposition. In particular
we do not prove theorems in the finite dimensional case and then pass to a limit,
nor do we make explicit use of the concept of tensor product, nor of the more
sophisticated interpolation techniques. Most of the known results concerning c, may
be found in Gohberg and Krein [S], Dunford and Schwartz [4, pp. 1088-1144],
Grothendieck [6], Dixmier [2], and Schatten [13, 14], and the references 'therein,
The beginnings of the subject, together with a number of related special theorems,
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250 CHARLES A. McCARTHY [October

seems to be [11]. The spaces we consider are called S, by Gohberg and Krein,
C, by Dunford and Schwartz, and ., by Dixmier. We have chosen c¢ for compact,
lower case because the inclusion relations between the spaces c, are those of [,
not L,. In fact, L, has operator analogues which are spaces consisting mostly of
unbounded operators; we shall study these in a later paper. Gohberg and Krein
study the Orlicz space analogues of these spaces; the ratio of complexity to
novelty remains high.

It is a pleasure to thank Professor G. K. Kalisch for a number of interesting
comments and suggestions, Miss Frances Frost and Professor N. Riviére who
called our attention to errors of substance in an earlier version of this paper, and
to Professors 1. S. Gohberg, R. Kunze, and J. Stampfli who supplied invaluable
references to the literature.

Throughout this paper H will denote a fixed Hilbert space with norm [ . [ and
inner product (-, -); the dimension of H is unimportant. p will range in the
interval 0 < p < o, and for 1 £ p £ oo, p’ will always denote the conjugate
exponent to p: (1/p) + (1/p") = 1. For linear operators 4,B on H, we write 4 2 B
to mean that A and B are both self-adjoint and (4x,x) = (Bx,x) for all x in H.
We say A is positive if 4 2 0.

We shall make frequent use of the polar decomposition of an operator, but
in forms which are not quite usual; thus we include this development. We denote
the range of an operator T by %#(T)and the null space of T by A(T); recall that
A(T)* = N (T*), N(T)* = R(T*).

First notice that for any x in H, |Tx| 2= (T*Tx,x) = (T*T)"*x, (T*T)"*x)
={(Tr*n)" 2x|2. Thus n(T) = 4((T*T)""%, and upon taking orthogonal comple-
ments, (T*) = Z(T*T)'?). Define U to be that linear operator for which
U[(T*T)"?y + 2]=Ty (y LA (T), z A (T)), elements of the form (T*T)"?y + z
are dense in H and U has bound 1, so U may be extended uniquely to an operator
(again denoted by U) on all of H. We also note that T = U(T*T) /> and further,
UT*T = TT*U. It follows immediately by induction that U(T*T)" = (TT*)"U
for all integral n = 0; thus for any polynomal ¢, and hence for any Borel function
¢, UH(T*T) = $(TT*)U. In particular, with ¢(?) = t'/* we have T = U(T*T)'/?
= (TTHY?U and with ¢() = t* we have T = UT*TYVYT*T)'*
= (TT*V*U(T*T)"*. It may also be shown that U*U(T*T)= ¢(T*T)
= $(T*T)U*U for any Borel function ¢ which vanishes at zero.

We will also use the trace of an operator. Suppose that an operator 4 is either
positive or satisfies L|(4¢, ¢.)| < © for some orthonormal basis {¢,} of H.
Then if {i,} is any other orthonormal basis of H, the interchange of the order
of summation is permissible in

L(Adnd) = X §(A¢r,,, ALY
= ﬁz (A'pﬂs 'l/ﬂ) E I(qsm .l’ﬂ)lz = % (A'l’p- Wﬂ)
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Thus the quantity X (44,, ¢ ) is independent of the orthonormal basis {¢,} of H;
we call this quantity the trace of A4, denoted tr 4. If A is positive and compact,
we may choose {¢,} to be an orthonormal basis for H consisting of eigenvectors
for A; thus tr A is simply the sum of the eigenvalues of A enumerated with their
multiplicities. It is also true that if X, |(4¢,,¢,)| < o for an orthonormal basis
{¢,} of H, that the eigenvalues of such an A4 are absolutely summable and thattheir
sum is tr4, but we will neither use nor need this fact.

Now suppose that T is a compact operator on H. The operator T*T is positive
and compact and has a unique positive square root which is also compact. The
characteristic numbers of T are defined to be the eigenvalues p, of (T*T)V2
enumerated with their multiplicity; we arrange them in a decreasing sequence,
at most countably many being greater than zero, as

(M) Zp(T) 220, p,(T)—0.

For 0 < p < oo, we define | Tl » then c,-norm of T, whether finite or infinite, to be

1/p

|, = [£ ) = (Ztuenr) =permenpe

We set | T|,, to be simply the operator norm of T. The class c, is the set of all T

for which | T/, is finite.
At this point, we wish to observe three facts which will be used throughout this
work. Their proofs are sufficiently immediate to be omitted.

Lemma 1.1 a. |T|, =|(T*D)'?|,.
b. If A= 0, and r is a positive number, then |A ]p,, = l Al;.
c. Ifp=q,|T|,2|T|,.

We now prove the preliminary theorem that I T’P = | T* | o

LemMa 1.2, Let U beunitary. Then UT and TU have the same characteristic
numbers as T. Thus for every p, ITIP = | UTI,, = , TUI,.

Proof. The squares of the characteristic numbers of UT are the eigenvalues
of (UTYX(UT) = T*U*UT = T*T, so that p2(UT) = pX(T); since characteristic
numbers are non-negative, it follows that u (UT) = u(T). The squares of the
characteristic numbers of TU are the eigenvalues of (TUY*(TU)= U*TT*TU,;
this operator is unitarily equivalent to, hence has the same eigenvalues as, T*T.

TueorReM 1.3. T and T* have the same characteristic numbers (zero possibly
excepted). Thus for every p, |T| = | T*|p.

Proof. Tt is a well-known fact that for any two elements a,b in a Banach
algebra (such as @ = T, b = T* in the algebra of all bounded operators on H),
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the spectrum of ab is equal to the spectrum of ba (zero possibly excepted). For
our purposes however, we need also to keep track of the multiplicity of the
spectrom; the theorem may be demonstrated by means of a perturbation argument
from this general Banach-algebraic fact, but we prefer to give the following
alternative proof.

If H is finite-dimensional, thenin the polar decomposition of T: T = U(T*T)
we may take U to be unitary. Thus T = U(T*T)"/? and T* = (T*T)"?U*; by
lemma 1.2, both T and T* have the same characteristic numbers as (T*T)"/2. If H
is not finite dimensional, the operator U appearing in the polar decomposition
of T need not be unitary nor admit of replacement by a unitary. Thus we adopt
the following procedure which is valid for H of any dimension.

Consider the Hilbert space A which is the direct sum of H withitself : 4 = H®H.
Let 7= T @ 0sothat %7 = T*T @ 0; thus T and T have the same characteristic
numbers (zero possibly excepted). Similarly T* and 7* have the same charac-
teristic numbers (zero possibly excepted). Let U be the partial isometry which
appears in the polar decomposition of T: T = U(T*T)"2 U is an isometry of
Z(T*T)"'?) onto #(T) and vanishes on A((T*T)"/?). The operator U= U @0
then maps Z((T*T)"?) isometrically onto Z%(T) and vanishes on" (T*1)"/%)
The orthogonal complements of Z(T*T)Y/2): Z(T*T)"*)* @ H, and of #(T):
A(T)* @H, are of the same dimension and thus there exists an isometry ¥ of
R(T*T)?)* onto Z(T)* which vanishes on ((T*T). The operator
W= U +V isanisometry of A onto A and hence is unitary; also T = W(T*T)"/?,
hence T*=(T*T)"2W* By Lemma 1.2, the characteristic numbers of T are
those of (T*7T)Y/? which are those of T* Thus (zero possibly excepted), the
characteristic numbers of T are those of T*.

1/2

2. Norm inequalities in ¢,. In this section we will prove analogues of the
Holder and Minkowski inequalities for ¢, as well as Clarkson’s inequalities which
demonstrate the uniform convexity of ¢, (1 < p < o). The importance of our
first lemma cannot be over-emphasized. While it is no more than an elementary
observation, it is the result which underlies all our computations.

LemMa 2.1. Let A =0. Let xe H. Let y be a given positive real number. Then
if0<y<1, (4%,x)=(4x,x) ’lxl -,
if12y< o, (47%,x)2(4x,x)?|x[?*"?,
If y # 1, equality implies that x is an eigenvector of A.

Proof. First suppose y = 1. Let E(-) denote the spectral resolution of A4,
Then using the Holder inequality we bave
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(A%, %) = J' . ME(dA)x, x)

< [ J; * M E@D, x)]”7 - [ L "1 BN %, %)

] (y—=1)fy

= (Ayx,x)”y . lxlz((r-l)ly)

If 0 <y £1, then apply what has just been proved to the operator A” and the
number 1/y:(A7%,x) £ (A7) %,x)?|x|** . Equality in the case y#1
requires that the ratio of A” to 1 be constant on the support of the measure
(E(d2)x,x); this support may thus contain at most one point 4, so we have
Ax = Agx.

As an immediate consequence of Lemma 2.1 we obtain the following useful
expressions for the ¢, norm of an operator.

LEMMA 2.2.* If0<p<2, then|T|?=inf X |T¢,|";
if 2€p< o, then|T|l=sup L |T¢,|"

(The inf or sup is to be taken over all orthonormal bases of H). If p # 2, equality
occurs if and only if {¢,} is an orthonormal basis for H consisting of eigen-
vectors for T*T.

If p=1, then |T|, = sup { X, | (T, ¥,)|’}'/* where ¢, and ¥, tun over
all pairs of orthonormal bases for H. Equality holds if and only if {¢,} is an
is an orthonormal basis for H consisting of eigenvectors for T*T and {¥,}
an orthonormal basis for H obtained by completing the orthonormal set

{(T./| Tea|): T, # O}

Proof. Using Lemma 2.1 with y = p/2, we have for any orthonormal basis
{¢,} of H that

(T*T)" ¢ d) S (T*T$,0)"% = [To|" (0=2),
(T*TVP* . b)) S (T*Tdo¢)”* = |To.[P (22
Summing on o, we see that

|T]E = t(T*D)P*< Z|Té[' (=2,
a
T2 = te(T*D**2 T[T (222
* Part of Lemma 2.2 appears in Dunford and Schwartz [3] as Lemma X1.9.32. The condition

“2 < p” given there should read “p < 2.” The lemma appears in foto in Gohberg and Krein
{5, p. 155].
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The conditions for equality in Lemma 2.1 show us that if p/2#1,|T|?= X,|T¢,[*
if and only if every ¢, is an eigenvector of T*T.
The last assertion is proved by using the polar decomposition

T = (TT*'* U(T*T)"*,
so that

L [(Teuv)|”

]

2| (@THUTTY 0 ) |?

A

Z(T*T) A ¢, |F (TT*) "y, [P

s{Zlameape)” (£ 1amym.p)

1/2

172

(z <<T*T)”2¢a,¢,)"}m [z @)

1/2

(2@ n"%.0) . (2 @ryyai)

|l g = |

The conditions necesary and sufficient for equality may be seen directly from
this chain of inequalities.
Unfortunately, this last assertion fails for p < 1, as may be seen by considering

TP P

We may now prove analogues of the Holder and Minkowski inequalities.

THEOREM 2.3*. Let Tec, Sec,. Then TSec, with 1jr=1/p+ 1/q,
0<p,q,r=< o, and| TS], < ITMSI,I. Equality holds if and only if : if p,q < o0,
(T*TY is a multiple of (SS*)?; if p= 0 > g, PT*TP =|T|% P where P is the
orthogonal projection of H onto the range of SS*; if p < 0 = ¢, 0S§*Q = | §|2 0
where Q is the orthogonal projection of H onto the range of T*T.

Proof. First suppose p= 0, g =r< 0. If g=r £2, let {¢,} be an ortho-
normal basis for H consisting of eigenvectors for S*S. Then we have by Lemma 2.2

@2.3,1) [TS|i< X | TS| <|T[% X |S¢.] =T |4]s]e.

To investigate the case of equality, we first notice that for the second inequality
to be an equality we must have | TS¢,| = | T|,|S¢,| for every eigenvector of
S*S. Consider those ¢, for which S*S¢, = 4,3 0 and let the polar decomposition

* Theorem 2.3 appears in A. Horn [7], derived from some inequalities of Weyl [4, p. 1079},
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of S be S = U(S*S)'/% Since U is an isometry on this set of ¢,, we have that
{U¢,: A, # 0} = {A7 V% S¢,: A, # 0} is an orthonormal set. Let us denote this set
by {¥,}, and notice that {,} spans precisely Z(S) = Z(SS*) = Z(P). The equality
| TS¢.| = |T|w|S¢.| yields | Ty,|=|T|«|¥.|; since T attains its norm on
each ¥, it must attain its norm everywhere on the span of the y,, so that T/ | TI o
is an isometry on the range of P; this is equivalent to PT*TP = | T]of,P. Con-
versely, the condition PT*TP = I TlﬁoP implies that S*T*TS¢,=S*PT*TPS¢,
= |T|%S*PS¢, =| T |55*S¢, so that if ¢, is an eigenvector for S*S and the
second inequality in (2.3.1) is an equality, then necessarily ¢, is an eigenvector
of T*S*ST and the first inequality in (2.3.1) must also be an equality.

Continuing with the case p = g =r < oo, suppose g = 2. Let {¢,} be an
orthonormal basis for H consisting of eigenvectors for T*S*ST. Then by Lemma
2.2,

@3 |TSli= Z|TSe|*5|TIS E [seles| Tl s)g

To have equality throughout forces the last inequality to be an equality. By
Lemma 2.2, each ¢, must be an eigenvector of S*S. That the middle inequality
of (2.3.2) be an equality is equivalent to PT*TP = l TI;P just as previously.
Conversely, if ¢, is an eigenvector of S*T*TS and PT*TP =|T*|ZP, then
S*T*TS¢, = S*PT*TPS¢, = | T|25*S¢, so that ¢, must be an eigenvector of
S*S and the last inequality of 2.3.2 must be an equality.

Next we consider the case ¢ = 00, p=r < o0. The isometry of the adjoint
mapping in every c, class (Theorem 1.3) shows that |T'S|2=|S*T*|?<|S*|2|T*|?
= ISIf,’ol Tl 7, the middle inequality being wht we have just proved. We have
also just proved that equality holds if and only if 9SS*Q = Q(S*)*S*Q0= | S |f,CQ
where Q is the orthogonal projection of H on #(T*) = #(T*T). This completes
the proof in the case p = o or ¢ = o, so that throughout the remainder of the
proof we take p < 00, g < w0, r < p,q.

We next prove the theorem in the case r £ 2. Together with » < 2, let us also
assume for the moment that p = 2. Let {¢,} be an orthonormal basis for H con-
sisting of eigenvectors for S*S:S*S¢, = A2¢,. Using the polar decomposition of
S:S = U(S*S)"/* where U is an isometry on the range of S*S, we see that
{U¢,: A, # 0} is again an orthonormal set; we complete this set of vectors to an
orthonormal basis for H, denoted {y,}. Now we use Lemma 2.2 first for r <2,
then for p = 2, and the Holder inequality for sequences (r/q + r /p= 1) to obtain

(2.3.3) | TS|t < § | TS, |" = § |TUA.|"
s (22 ) (1)

| Sk 715

r/p

X

(]



256 CHARLES A. McCARTHY [October

If we have equality throughout, in particular we must have equality in the appli-
cation of the Holder inequality, which requires that the ratio of lSqS,}“ = A2 to
| Tt//a]" be some constant independent of «, generically denoted throughout by c.
For the last inequality to be an equality requires ¥, to be eigenvectors of T*T.
Now 4,SS*J, = SS*S¢, = SAZ¢, = A2y, so that Y, are also eigenvectors for SS*.
The facts that T*T and SS* are positive, have a common basis of eigenvector
and that c|(T*T)?,| "> =c| Ty, | =| S*y,|? , together imply (T*T)"=c(SS*)".
Conversely, (T*T)? = ¢(SS*)? may be seen to imply equality throughout (2.3.3);
we leave the details to the reader.

Continuing with the case r < 2, now assume p < 2. Using the polar decomposi-
tion of T, we have

T = U(T*Tv)1/2n.__ (T*TV)llln’

where there are n factors of (T*T)'/?"; n is chosen so that n = 2/p. Since T ec,,
(T*T)'*"ec,, and [(T*T)"/*"),,=|T|;"(Lemma 1.1). Using what we have
already proved (np = 2), we have

234) (TS| arymr S | TV TS |qsqumy-1
(k=0,1,2,+,n = 1),
which yields
(2.3.5) |(T*1)' 28|, | T|,|S],>
Since | U |w§ 1, we have
|75), < | U125 1, 5| U] | ]| 5], = 7], IS

Equality holds if and only if equality holds at every step of (2.3.4) and at (2.3.5).
Equality at (2.3.4) implies in particular (k=0) that ((T*T)"")™ = ¢(SS*)%, which
may be seen conversely to imply | TS|, =| T|,|S|,.

Finally we consider the case 2 < r. If n is an integer n = r/2, then

(S*T*TSY'ec,), (% < 2)

and from what we have already proved, the operators (S*T*TS)"'S*T*TS,
(S*T*TS)'S*T*T, (S*T*TS)"S*T* and (S*T*TS)"S* also belong to various
¢ classes, t £ 2. After a certain amount of arithmetic, we find

S TAT™ 1y S| SPTTS)'] ] S%1o| T2, Ty ],
Using Lemma 1.1 and Theorem 1.3, we have

| Ts]7e+0 <[ T3 | s 2
from which | TS|, <| T |,| §|,. We can have equality only if
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{[T*TS(S*T*TS)"] [(S*T*TS)”S*T*T]}“"”*“"""””’"‘: o(S5%), ;
this (with ¢ generically denoting some constant) is equivalent to
S*{T*TS(S*T*TS)*"S*T*T}S = S*(SS*)~ 124+ DIN S = o(S*S)2AMG+ 1),
or
(S¥T*TS) = c(S*S)¥".

Thus the restriction of T*T to the range of S must be (SS¥)¥" ™! =(58*)¥7;
but then T*T must be zero on the orthogonal complement of Z(S*S) if we are
to have | TS|, = | T},| S|,» so we must in fact have (T*T)” = c(SS*)". That the
condition (T*T)* = ¢(S$*)?is sufficient forl TS ], = | T I » | S ]q may again be easily
verified and the theorem is complete.

Tueorem 2.4. Let T,Sec, 1Sp<oo. Then |T+S|,<|T|, +|S|,, so
that c, is a linear space and I . |p is a norm on c,. If p > 1, equality holds if and
only if aT = bS for some a,b =0, a+b>0. If p=1, equality holds if and
only if T*T and S*S have a common set of eigenvectors {¢,} which form an
orthonormal basis for H such that for each « there exist a,,b, =0, a, + b, >0,
with a,T¢, = b,S¢,,

Proof. From Lemma 2.2, let {@,}, {¥,} be two orthonormal bases for H such

that
1/p

IT+5],= {2 |((T+S)¢w¢a)|"}

The Minkowski inequality for sequences yields

1/p

|T+5],= % agovol]” + [ Z lsouval]

and by Lemma 2.2 again, this is dominated by | T, + | |,. If we have | T + S|,
= | T ] ot IS | »» We see first from Lemma 2.2 that ¢, must be eigenvectors of both
T*T and S*S, and that (unless T¢, = OW, = T¢,/| T¢,| and (unless S¢, = 0)
v, = San/lS(;baI. Equality in the use of the Minkowski inequality forces, for
p>1, constants ¢, b=0 a+ b>0, such that a(T¢,,¥,) = b(S¢,.¥,); since
(T Vp) =0=(SP,,¥) for a# B, we must have aT = bS. Conversely, it is
clear that these conditions imply | T+S l = ] T]p + ISII,. For p =1, equality
in the use of the Minkowski inequality forces only constants a, ,b,20, a,+b,>0,
such that a,(Té,,¥,) = b(Sh,,¥,); again (T, l//,B) =0=(S¢,;, l/’p) for a# f
shows a,T¢, = b,S¢, for all «. Conversely these conditions are surely sufficient
to imp1y|T1+ Sl1 = lTl1 + |S|1.

‘We now continue with the estimates which show that ¢,(1 < p < c0) is uniformly
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convex. Recall that a normed linear space X = {x} is said to be uniformly convex
if the function
5e) = inf (1—-1—|x+y|)
==t \ 2

Ix=y|=e

is strictly positive in some range 0 < ¢ < g,. J. A. Clarkson [1] showed that the
sequence spaces [,(1 < p < o) are uniformly convex by proving a number of
sharp inequalities concerning the norm of elements in /,; those which imply that
1, is strictly convex are:

‘x+y|”'+ |x —-y]"'é(lx]"+|yl")””" (1<pg2),
and

[x+y|P+[x=yP 227 ([x["+|y]) @=Sp<o).
If we take |x| = |y| =1, we have

|x+y]7 €2 ~|x~y” (1<p=g2),

|x+yff 222 —|x -y (2= p< ).
The modulus of convexity is thus given by

2() = 22" =)' (1<p=g2),

20() = 2—(2° —eP)'/P Q2 p< ).

We will now show that ¢, has the same modulus of convexity as I, by demon-
strating that Clarkson’s inequalities hold in c,. The conditions under which
equality holds will simply be stated without proof; they only require checking
the cases of equality in the inequalities within the proofs.

Dixmier [2] used an interpolation theorem to show that ¢, and /, have the
same modulus of convexity in the range 2 < p < o0; our technique in this range
uses only the Holder inequality. In view of the fact that the only known proof
Clarkson’s inequality for I,(1 < p <2) seems to be the lengthly original dem-
onstration of Clarkson, it is not suprising that the analogous result for ¢, must
be at least as troublesome.

We first state for reference some inequalities concerning real numbers. The
proofs of the first two may be safely left to the reader.

Inequality a: Let —a < b < a. Then
if0<y<1, 2" a"+ b)) S (a + b)Y +(a—b) £2(a” + b");
if 1Sy<oo, 2a"+b)S(a+Db) +(a—b)Y <2 (@’ +b").
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Inequality b: Leta=0 b =0. Then
if0<y=Z1, (a+byLa’+b;
if1<y<o,(a+b)2a +b'.

The third inequality which we require is the very deep inequality of Clarkson [1].
The forms in which we use this are

Inequality ¢: Let —ag,<b,<a.Thenforl<pg?2
p'lp p'/p p'lp
(ZG+s) "+ [Z@-by)" s2{Tar+|nf
Let ~a<b=<a. Thenfor2<p< w
|a+b]" +]a—b" 22a”+]|b|")"”

We now generalize these numerical inequalities to inequalities for ¢, norms of
operators.

LemMa 2.5. Suppose A,B are operators on H and — A < B< A. Then
if0<y=1, tr(A+B)Y +tr(A—B)Y £2trA’;
if 1=y<oo, tr(4+ B)"+tr(4— B)'=2tr4".

If y # 1 and the quantities involved are finite, then equality holds if and only
if AB=0.

Proof. The lemma has non-trivial content only if 4 and B are compact;
also A4 and B must be self-adjoint and A4 positive. Let {¢,} be an orthonormal
basis for H consisting of eigenvectors for A:A¢, = A,p,. Since — (Ad,,P,)
< (By, ¢,) < (A, ¢,), inequality a yields

(A + B)¢s ¢.)" + (A = B)p$s) S A4 $r)’ = 2]  (y=1),
(4 + B)¢os§.)" + (4 — B)po, )2 AAdo$a)’ = 24, (y2 D).
Also, A+ Bz 0and 4 — B2=0, so Lemma 2.1 yields
((4 + B) ¢, 6.) + (A ~ B) $o $2)
= (A+B)dsd)’+ (A= B)pod) < 247 (y=1)
(A + B) ¢, 0.) + (A ~ B) ¢, )
2 (44 B)da 9o)" + (A= B)po, 4.) 2

v
N
N
e
~
~2
vV
.
—’
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Summing on « we finally obtain

tr(A+B) +tr(d - B’ 2X A7

2trd” (=D,
tr(A+B)’+tr(A—BY = 2X ' =2trA’ (y=1)

Lemma 2.6. Suppose A, B are operators on H and A >0, B= 0. Then
if0<y<l, tr(A+B)Y < trd"+trB’;

if1<y< o, tr(A+B) = trA"+trB’.
Ify # 1 and the quantities involved are finite, equality holds if and only if AB = 0.

Proof. First we find operators C, D on H such that C(4 + B)!/?=4"/2,
D(A + B)'/?> = BY? and C*C + D*D = 1. [We do this as follows: B = 0 implies
A A+ B,so [4"%] = (4x,%) "> (4 + B)x,x)"/* = | (4 + B)"*x|; similarly
|B1/2x| < |4 + B'x|. Let x=(4+ B)"*u+v, where vet(4+ B),
u LA (A + B); such x are dense in H, so C and D are uniquely determined if we
require Cx = AY?u, Dx = B + v. Clearly C(A+ B)'/* = A'* and
D(A + B)"? = B'*; C*C + D*D =1 follows from |Cx|*+|Dx|> =|A"*u|?
+|Bul? + | v|* = (du,u) + (Bu,u) + |v|> = [(4 + B)'*u|* + | |2 = | x|%
Note also that | Cx| < |x|, | Dx| < |x]]. Then we have (4 + B)’ = (4 + B"*
C*C(4 + B)"* + (A + B)"*D*D(A + B)"? and

tr(4 + B = | C(4 + BY"*|; + | D(4 + B)"?|3
|(4 + BY"*C*|; + | (4 + B)*D*|;
= trC(A + BY’C* + tr D(A + BY'D*.

To estimate tr C(4 + B)'C*, let {¢,} be an orthonormal basis for H consisting
of eigenvectors for A: A¢, = 4,¢,. Then by Lemma 2.1,

(C(4 + B C*$, )

< (4 +B)C*,C*)'| C*u|* ™" < (40,0 = & (=),
(C(A + B)'C*$, )

2 (4 +B)C* C*¢.)'|C*u [ ™7 2 (4nde)’= & (12 D).

(Recall that |C*¢,|>* ™" < [¢,|**™ =1 for y 1, and |C*¢,|7>" )
< |#«|7>*"” =1for y 2 1). Thus summing on « yields

]

trC(A + BY'C*:< trA?  (y£1),

trC(A+ B)’C* 2 trA” (yz=1).
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Similarly,
tr D(4 + B)'D*

tr D(A + B)’D*

B (=1,
2 ttB”  (yz)).

and the lemma is proved.
Lemmas 2.5 and 2.6 yield all of Clarkson’s inequalities for ¢, (1 < p < c0),
which we formulate as:

THEOREM 2.7. Let T, S be operators on H. Then
@ . 277N TR+|S]D S| T+S)+|T-8p <2(T)2+]S]H) (©0<p=2),

(i). |T+S|F+|T-S|F<2(T|2+|S|P"  (A<p=2),
). 20T+ S S [T+SE+[T-SE< 27Tl +[S)  @=p<w)
). 2 T5 + | S|y’ | T+S]F +|T-5[y 2<p< o)

If p=2, equality always holds; if p# 2 and the quantities involved are finite,
equality holds in (i) or (iii) if and only if T*TS*S = 0, in (i) or (iv) if and only
fT=SorT=0o0rS=0.

Proof of (i) and (ii}): First consider p<2. Then |T+S[5+ | T~ S
= tr((T*T + §*S) + (T*S + S*T))"? + tr((T*T + S*S) — (T*S + S*T))7'%.
Lemma 2.5 is applicable with 4 = T*T + S*S, B = T*S + S*T, y = p/2 £ 1, for
I(Bx,x)l = 2,Re(Sx,Tx)l < 2|Sx, ,Txl < leIz + ,Txl2 = (Ax,x); thus
]T + Slg + , T — S|§ S tr(T*T + S*S)”%. Now apply Lemma 2.6 with A = T*T,
B=_S*S, y=p/2 £1 to obtain

[T+S[E+|T~ S| <2[(T*T)? + tr(S*S)?*] = 2| T |2 + | S|
It follows from this that also

|2T|7 +{28[E<2(| T+ S[5+|T ~ S|
so that

TR+ =IT+sp+|T-sEs2|TlE+|sfH) ©<ps2).
(i) follows in exactly the same way, with the sense of all inequalities reversed.

Proof of (ii). Let A and B be as above, and let {¢,} be an orthonormal basis
for H. We use inequality ¢ with a,, b, defined a, + b, = (4 + B)"*¢,, )",
to obtain

| T+s +]T~5[
S 2 227 [(A 4 BP0 00 + (4~ B4, 007 |

+ 2'1’, ((A + B)p/2¢as ¢;)1/p - ((A - B)plz ¢¢’ ¢a)1/p l p}p’/p.
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Apply inequality a to each of the summands on the right-hand side (withy = p > 1)
to obtain

|T+58 +]T-5];
< 2 X277 27 (A + B a6 + (A~ B4, 601}

< 2{27'[tr(4 + By + tr(4 — By"*]}"'".
Use of Lemma 2.6, then Lemma 2.5 (with y = p/2 < 1) yields
|T+8|F+|T- S|5 < 2tr AP?)P7P= 2{tr (T*T + S*S)P2}P/?
< 24tr (T*TY? + tr(S*SY2)? /7= (| Tl: G

Proof of (iv). Again set A = T*T + S*S, B= T*S + S*T, and let {¢,} be an
orthonormal basis for H. Since p=2, p/p’ =1, and the triangle inequality in
1, yields

|T+ S5 +|T-8|F , ,
~{Z @By, @)}" - [T -y, ¢,)}p "’

2 X [(4 + B o $)" " + (A~ BY"*,, 0)" 177} 72

Inequality a, with y = p’, yields
(4 + B)"*,, 6" " + (A — BY 0, 0" *

2{ [((A + B)"? ¢, 4" +2((A ~ B¢, ¢¢)1/p]p.

L]+ B)"?¢, $) 1" — (A= B, 0"
| 2

|

Application of inequality ¢ with p = 2 yields
((A + B)P/2¢a’ ¢a)p’/p + ((A - B)p/2¢a’ ¢a)p'/p

212 222 ([((A + B 4 ¢«)”"] g [((A =B 490" ]P)P'h’

= 2 2'7[((4 + B, ¢ + (4 = B "6 617"
The insertion of (2.7.2) info (2.7.1) then yields
|T+5S[2+|T—-5|722:2""{tr(A+ B)"* + tr(4 — BY'*}¥'”
2 22177 2tr AP = 2(te AP 2 2| T2+ | S|P

the last two inequalities being applications of Lemmas 2.6 and 2.5 withy = p/2 2 1.
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To conclude this section, we prove the following special result for 0 < p < 1,
Professor Gohberg has informed us that this is a special case of a theorem of
S. Ju. Rotfel’d [to appear in Functional Analysis and its Applications, 1, fasc. 3
(1967)].

Tueorem 2.8. |T+S|Z<|TP+|S|5 O<ps1). If p<land T and S
are in c,, equality holds if and only if T*TS*S =0. Thus, if p<1, p(S,T)
=|T— S} is a metric on c,,

Proof. First we demonstrate the theorem in the case 0< p <2/3. Since
(T*T)' 7? and (S*)*"? are both dominated by (T*T)"'~? + (S*S)' 7%, there are
operators C and D, both of operator norm at most one, such that

(T*D)~P2= C[T*T)' ™7 +(S*8)' 7]
and
(S*S)(l_")/z = D[(T*T)l"”+ (S*S)1—p]1/2'

(cf. the proof of Lemma 2.6).
Using the polar decompositions of the operators T and S we have

T +S = UT*D)'* + V($*S)'*
= [U(T*T)"*C + V(S*S)"*DI[(T*T)' P + (S*s)' #]'2.

Using our generalized Holder inequality (Theorem 2.3) followed by the triangle
inequality in ¢, (Theorem 2.4), we have

T 4 5], 5| UETYIC + VSSPD L) 7+ (89 7],

1A

{{u*Ty*C|, + | V(S*$)"* D|}}
{tr [(T*T)l"’ + (S*S)l—p]p/Z(l—p)}(l—p)/p_
Using the fact that the operator norms of C,D,U and V are at most one, we have
IT +S|I, < {I(T*T)"/2|1 + I(S*S)pﬂll}{tr[(c*T)l"'+ (S*S)1 PP P i-pip
= (I T Ig + I SI:‘»’) {tr[(T*T)' "7 + (S*S)! P P/2-Pya-pre
Since 0 < p £ 2/3, p/2(1 — p) £ 1, so that by Lemma 2.6
tr[(T*T)' 77 + (S*S)! 72 -P < tr(T*T)?* + tr(S*S)?'2 = l T]‘; + IS];'
We thus have
|T+sE=(TR+|SHAT+|SH =T+ (s

Now consider the case 2/3< p<1. Let Q denote the operator [(T*T)"?
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+(S*S)”*]"/2 and let C, D be operators such that C*C+D*D=I, (T*T)"* = CQ
= QC*(S*S)"* = DQ = QD*. The restriction 2/3 < p < 1 allows us to write

T +8S = U(T*T)Y? + V(S*S)"/?
= [U(CQ)ZIP—ZQC*CQ 3—2/P+ V(DQ)ZIP—Z QD*DQS-Z/"]QZ/P"Z.

Using our generalized Holder inequality, the triangle inequality in ¢y, and the facts
that |U|w =1, [ V]w £ 1, we have

|T+S|,
<|U(CQ)*P20C*C > P+ V(DQ)Y P2 QD*DQ* AP QPP | @772, -,
< {|[cc@)**~2Qc*CcQ* 7|, + | (DQY**~>QD*DQ*~*/| }| @*|{ 77"

Assuming | (CQ)**"2QC*CQ* |, <| 9C*CQ|, and |(CQ) **~*QD*DQ*~*"|,
< , QD*DQI 1 » which we will prove in a moment, we have

|T+8|, < {trgc*cQ +tr @D*D QY| Q1777
= (tr Q(C*C + D*D)Q - (tr Q%) 7?*
= @) =T+ sl
To show that [(CQ)*?~?QC*C Q%7 |, £ | QC*CQ)|;, we note first that
[(CQPP72QC*C@* 7|, £ [(CQP™"P),1-,| QCHCQP™*7 |3,
=|gcxco|i™?P - | QM C*CQ -1 -

Let now {¢,} be an orthonormal basis for H consisting of eigenvectors for QC*CQ:
QC*CQ¢, = A9, For 2/3<p<1, 1 <p[2p—1<2and 0<3-2/p <1, so that
Lemmas 2.2 and 2.1 yield

|@3"*rcrcoiffimis T (@PCTHPCHCQ4,, CHCQPY Y

< Z(QZC*CQd’aa C*CQ¢a)3p—2/2(2p_1)l C*CQ¢¢l2-2p/2p—1.
Since | C*|, < 1, and 2 — 2p/2p — 1>0, | C*CQ¢, |* 2271 < | CQ, | >~/
= 477271 Ao, (QPC*CO¢,, C*CQ$,) /227D = | 0C*C Q4
= 2,377 2/2P~1 Tt follows that
IQ3"2/PC*CQ|P/2P‘1 Z E A:p-—l/Zp—l lal—pIZp-l — Z A’u’

p/2p—1

3p—-2/2p-1

so that
[(cQ)*P~2 QC*CcQ*~ |, < (Z za) 1-plp (E ;la)ZP'llp

= X i, =|0C*CQ|;.
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This demonstration used only the fact |C |, < 1, so that C may be everywhere
replaced by D.

3. ¢, is complete. Having shown that ¢, is a metric space we proceed to
prove that c, is complete in this metric. First notice that since |T|, [T,
any Cauchy sequence {T,} in the metric of ¢, must be a Cauchy sequence in opera-
tor norm. It follows that T, must converge uniformly to an operator T. Lemma
3.1 below will show then that T ec, and that | T — T, |, ~0.

LemMa 3.1. Let T, be a sequence of operators which converges uniformly to T.
Then | T |, £ liminf,. | T,

-

Proof. Since T, converges uniformly to T, T,* converges uniformly to T*
and A, = T, T, thus converges uniformly to 4 = T*T. It follows that for any fixed
v > 0 A! converges uniformly to A’. [To see this, let M = sup |4, |.,, and let p(f)
be a polynomial such that l () — t’] <efor 0Lt <M. Then IP(A,.)—AZIw e
and | p(4) — A" | S &, and since 4, converges uniformly to A, p(d,) converges
uniformly to p(4); thus | 4] — A7|,, < 3 for all n sufficiently large]. Now let
{¢,} be any orthormal basis for H and let ¢ be any finite set of indices. Since
A} converges to A7, | A’,|* converges to | A%, |* and thus

T |4, > = lim X |4l¢,[?

XX n+o aeo

< liminf ¥ |4,¢,]* = liminf |42[3
n—+ o0 a

Since this holds for all finite sets 6, we must have
|43 =sup X |4"¢,|> Sliminf|A47[3.
¢ acq nseo
If we take y = p/4, we then have
| T|5=|47#]; < lim inf | AZ*|3 = lim inf | T,,|2.
- nroo
COROLLARY 3.2. ¢, is complete.

Proof. Let {T,} be a Cauchy sequence in c, and let T be the operator
to which T, converges uniformly. Then for each fixed n, the operators T, — T,,
converge uniformly to T, — T as m — oo, Using Lemma 3.1, we have
lT,,-— Tlpélim infm_,wlT,,— Tmlp. Since the sequence {T,} is Cauchy in c,,
lim, o lim infi,, | T, = T|, =0 and thus | T, - T|,—0.

4. ¢} =c,. With the completeness of c, proved, we see that ¢, is a Banach
space for p 2 1. Also, we have demonstrated the uniform convexity of ¢, for
1< p< oo and thus, by a Theorem of Pettis [12], ¢, must be reflexive for 1< p< o0,
The norm inequalities of Theorem 2.7 show that the norm in ¢, satisfies the
parallelogram law and thus c, is a Hilbert space. We now show that in a natural
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way the dual space to ¢, is ¢, (1 < p < o0). We first show that operators in ¢,
possess a trace.

Lemma 4.1. If Tec, thentr T exists and ItrTI < |T|1 .

Proof. Lemma 2.2 actually shows that if {¢}, (¥} are any two orthonormal
bases for H, then X, (T¢,,¥,)| < | T|,. In particular, we may take ¢, = ¥,.

Our next two theorems show that ¢, =c, in a natural way. First we show
¢, < ¢y and then ey,

TueoreM 4.2. Let 1 <p< oo, and let Sec,. Then F(T)=1tr(ST) is a
continuous linear functional on c, with norm precisely |S|p,, attained when
T = V*(SS*)"/? (V is the partial isometry occuring in the polar decomposition
of S).

Proof. For any Tec, STis in ¢, (Lemma 2.3) and |ST|, < |S|p,|T|p SO
that tr(ST) exists and may be computed by tr ST = X, (ST4,, ¢,) for any ortho-
normal basis {¢,} of H. The fact that tr ST may be so computed shows that
trS(Ty + T,) =tr ST, + trST, and trS(aT) =a trST so that trST is in fact
linear on ¢, That trST is bounded with bound |S|,,, follows from |trST|
<|S|,| T}, It is easy to check that when T = V*(SS*)*”, trST = |S|,.| T|,.

TueoREM 4.3, Let F(T) be any bounded linear functional on ¢ (1< p < ).
Then there exists an S in ¢, such that F(T) =t ST. (By Theorem 4.2, |S|p, is
the bound of F; it is also clear that S is uniquely defined by F).

Proof. It is no loss of generality to assume that F has bound 1. Let T,ec,
be chosen so that | T,|, = 1 and F(T,)-> 1. Then F(T, + T,) < | T, + T,|,, but as
n,m— o0, F(T,+ T,)— 2. Since c, is uniformly convex, | T, — T;,|,~ 0 and thus
T, converges to some operator T € ¢, with | T'|, = 1. We need now only to show
that F(R) =trSR for every Rec,. Consider the functional G on e, given by
G(R) = F(R) —tr SR. Let a =1/2|G| and let 4 be in ¢,, | 4|, =1 such that
G(A) = 2a. [That G attains its bound follows from the uniform convexity of c,
ust as did the fact that F attains its bound]. We then have F(4) =z + a, trS4
= z — q for some complex number z. Consider first the case 1 < p < 2. Since
|F|=1,]8, =1,]4],=1and|T|, =1, we have using Theorem 2.7 (i),

| F(T + ed)|? + |t S(T — e4)|”

(4.3.1)
<|T+edl)+|T—ed|; <201 +6)(e>0,1<p=2).

The left-hand side of (4.3.1) is
{(1 + eRez + ea)* + (eIm2)*}?* + {(1 — ¢Rez + €a)* + (eImz)*}?2
= 2+2pea+0(®) ase—0.
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Thus 2 + 2psa + 0(e?) < 2(1 + ]s]"). Letting ¢ tend to zero and recalling that
p>1, > weseethat g = 0. That is to say, lGI = 0 and thus F(R) is in fact equal
totrSRforall Rec,.

Now consider the case p > 2. We have again from Theorem 2.7 (iv) that

| F(T + ed)|”" + | te(S(T — e4)|”
(4.32)

lIA

-
| T +e4|2 +|T—e4f < {%[[ZT[{ + lzeAlg’]}”

21 + EP')P'/P .

I

The left-hand side of (4.3.2) is equal to
{(1 + eRez + 2a)® + (eIm2)*}P7? + {(1 — eRez + ea)? + (eImz)*}7'/?
= 2+2pea+0(E?) (e—0),

while the right-hand side of (4.3.2) is equal to 2 4+ 27%'¢? 4 0(¢??'). Again as
& -0, recalling that p < oo so that p’ > 1, we see that a = | G| =0 and thus
that F(R) = tr SR for all R.

5. Concluding remarks. We have exhibited a remarkable parallel between the
spaces of operators ¢, and the sequence spaces /.. In fact, all our norm inequalities
for ¢, contain the same inequalities for I,; to see this, it suffices to show that
there exists an isometric imbedding of I, into ¢,: Let {¢,} be any orthonormal
basis for H and let P, be the orthogonal projection of H onto the span of ¢,
defined by P,¢, = 8,5¢,. For every sequence & ={&}el ,let T=T,= L.£P,
Then T*T = X,|¢,|?P,, so the characteristic numbers of T are |&,| and
| T|p=Z| &l” =<

Since ¢, shares ao many properties in common with /,, one would like to be
reassured that ¢, is not, in fact, an I, or L, space or even some subspace thereof.
Of course ¢, is a Hilbert space, but for p # 2, Lemma 1.2 shows us that there are
far too many isometries of ¢, for c, to be an [, or L, space. Perhaps the most
convincing demonstration is to actually calculate some norms when p # 2.

Any class ¢, of operators on a Hilbert space of dimension exceeding 1 has a

subspace which may be represented as 2 x 2 matrices of the form (Z(Ii)) . Suppose

that this subspace of c, were isometric with some four-dimensional subspace
of some space L,Q,dy), with (‘: 3) corresponding to the function af + bg
+ ch + dk. By taking a=1, b=c=d=0and equating the ¢, norm of (1 0) and the

00
L, norm of f, we have [q|f[ =1; similarly f|g|” = [o|h]? = fo|k[7=1.
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0
in 8 and using the Holder inequality, we have for p < 2

jn LG%(i‘lf+e“’k["g L(fozn%’f+ei”k]2)p/2
= [ty s [ s lep =2

In particular, to have equality in the last inequality above for p <2, f and k must
have disjoint supports. Similarly, the supports of g and h must be disjoint. If
p > 2, the sense of all inequalities above is reverrsed but the conclusion is the same.
Now let O, be the intersection of the supports of f and g, (3, that of f and h,
Q5 that of g and k, and Q, that of h and k; thus Q,, -+, Q4 are mutually disjoint.
By taking ¢ = d = 0 and equating norms, we see that

(lal?+ ]85 = [ Jar+el+ [ Jalflrlr+ [ [oPls]

Thus _fﬂ,laf + bg[”is a function only ofla[ and [bl; similarly, _fgzlaf+ ch|,
is a function only of l a | and | ¢ I, fas | bg + dk |" is a function only of | b | and [d I,
and fo|ch+dk|Pisa function only of | ¢| and [d|. Thus [q [af +bg+ch+dk|”
= [a|af+bg|?+ - + f94|ch + dk|” is a function only of |a|, |b|, |c|,
and Id . The presumed isometric imbedding of ¢, into L, thus yields the equality

of the ¢, norms of
11 and 11
11 —-11)

or 4 =2%24 272 which is impossible for p # 2.

We have seen that for p#2, ¢, on a two-dimensional Hilbert space is not
isometric with any subspace of any L, space. Of course between any two Banach
spaces of the same finite dimension there exists a bicontinuous linear transforma-
tion. We now show that if p # 2, there is no bicontinous map between ¢, on an
infinite dimensional Hilbert space and any subspace of any L, space. In passing,
we will obtain estimates on how far from an isometry any linear one-to-one map
between ¢, on a finite-dimensional Hilbert space and any subspace of any L,
must be. Our example is derived from that of S. Kakutani [8].

Let {¢,} be an orthonormal basis for H, fixed once and for all, and denote
by P, the orthogonal projection on H defined by P, = 6,4¢,; the operator norm
of X.a.P, is sup,|a,| Define the operators E, and F, on c, by E(T)= P,T,
F(T)=TF,; by Theorem2.3,| L,a,E(D)|, < | Xoa.Ps|w| T |, =sup. | a4 |T(,
and similarily for the {F,}. Thus {E,} and {F,} are the atoms respectively of
two Boole an algebras {E}, {F} of projections of bound one on ¢, Let {G}
denote the Boolean algebra of projections on ¢, generated by {E} and {F}. We
first obtain estimates for the norms of some elements of {G}. If we think of

. 1 .
Next we consider ( 30) to see that 2= [q|f+ €“k?| for every 6. Integrating

2
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operators T in c, as given by matrices (t,5) = ((T'd, ¢5)), We see that an ope-
rator on c, of the form X, 4a, ;E.Fj carries (f,5) into (a, gt,5). Suppose that T
is given by t,; = 1 (1(1 £ «, f < n), 0 other wise; and U is given by
ug=n "?0***(1 < o, B < n), 0 otherwise, where w is a primitive a-th root of
unity. T is simply n'/2Q with Q a self-adjoint projection of rank one, and hence

T|,= n'/?; U is the direct sum of an n xn unitary with zero and hence

U|,=n '/ It follows that for 0 < p <2 the operator X" ; ,0**’E,F; on c,
has norm at least n‘!/P=%/2)

Now suppose that A4 is a linear one-to-one operator from c, into some subspace
of an L, space. Then {4EA ™'} and {AFA™"} are Boolean algebras of projections
on some subspace of an L, space of bound at most | 4[| | 47" |. It follows from
[10] in the case 2 < p < oo, or better with the estimates of [9, Section 6] valid
uniformly in the range 0 < p< 2, that {AGA ™'} is a Boolean algebra of projections
with bound at most const. | 4 ||| 47*| % and hence that {G} has bound at most
const. | 4 | A7*|°. But we have already shown that {G} has bound at least
nMP~ 1D for any n no greater that the dimension of H, and thus we must have
| A] || A~ | = const.(dim H)"/*@/7=/® n the case that H is infinite-dimensional,
we see that A cannot be bicontinuous; in the case that H is finite-dimensional,
we have a lower bound for || 4 || | 4™"||. (The constant in this last estimate may be
taken to be 1473 uniformly for 0 < p < 2, although much better constants are
undoubtedly available; we also except that the exponent 1/3(1/p — 1/2) may be
improved to (1/p — 1/2) but no more.) The analogous result for 2<p<
follows from the consideration of adjoints, yielding |A[|A™"| 2 const.
(dim H)!/3@/2=1p)

There is a partial converse to the Holder inequality for sequences which states:

If {a,} is a sequence such that {a,b,} €1, for every b,el,, then

1 1 1
{a,,} Elq (T = -; + E)‘
Although everywhere defined, linear, but not continuous, functionals abound
on I,, this theorem says that there are no such functionals which are given by
sequences. A similar statement holds for ¢,:

THEOREM 5.1. Let T be an everywhere defined linear operator on H such
that TS €c, for every Sec,. Then Tec,(1/r=1/p+ 1/q).

Proof. We first show that T is bounded. If T is not bounded, then there
exists an orthonormal set {¢,} of H such that | T qS,,I > 3" [To see this, it is clear
that we can choose ¢,. Having selected ¢, -+, ¢, ; orthonormal, select ¢, of norm
1 in the orthogonal complement of the subspace of H spanned by ¢4, -, ¢,
such that [ Td),,l 2 3"max ; <,<, T¢v]; if this cannot be done, the linearity
of T alone shows that T must be bounded]. Now define S to be the continuous
linear operator for which S¢,=27""¢,, S =0 on the orthogonal complement of
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{¢,}. S belongs to every ¢, (p>0). But TSec, says in particular that oo >
| TS¢,| = (3/2)" uniformly in n which is impossible. Thus T must be bounded.
If r = g, this is clearly also all that can be said. Now suppose r < g. We assert
that T must be compact, for if T were not compact, then T*T would not be
compact and thus by decomposing the spectrum of T*T (with its multiplicity)
we could find a countable orthonormal set {¢,} in H for which the support of the
vectors ¢, are disjoint and bounded away from zero; thus, (T'¢,, T ¢,) =0 if
n#m, inf,,l Tgb,,l =a > 0. Complete {¢ } to an orthonormal basis {¢,} for H
in any manner whatever. Define S by S¢, = b,¢, for the originally chosen ¢,’s,
S¢, =0 otherwise, where {b,}€l,. Then |TS¢,,| = |b,,HT¢ lgalb,,l. If we
take, however, {b,} to be in I, but not in I,, we sec that X|TS¢,"| = co. Since
(S*T*TS¢,, ps) =0unless a = B, we see that {¢,} must be an orthonormal basis
of eigenvectors for S*T*TS and hence, by Lemma 2.2, TS cannot be in c,
contrary to our hypothesis. Finally, knowing that T is compact, let {¢,} be an ortho-
normal basis for H consisting of eigenvectors for T*T. Define S by S¢, = b,d,
where {b,}el,. Then {@,} is also an orthonormal basis of eigenvectors for
S*T*TS and we have oo >|TS|= X|TS¢,|"= X|b.|"| T ¢.. By the
theorem on sequences, {| Tqb,l }€l, and Lemma 2.2 again yields T ec,.

The conclude, we prove the often used lemma that operators of finite rank are
dense in every c,.

LemMA 5.2. Let T ec, Then for every & > 0, there exists an operator T, such
that the range of T, is finite dimensional and IT, - T|p< &

Proof. Let u, be the characteristic numbers of T and let {¢,} be an ortho-
normal basis for H consisting of eigenvectors for T*T, with T*T¢, = u’p,.
Let ¢ be chosen arbitrarily small and let ¢ be a finite set of indices such that
Yoot <e?. Define T, by T,,=T¢, (xco), T.p,=0 (a¢o). Then
,'Te - TII; = Eal(Tz - T)¢a|p= Zaérr”ap< 8P’
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